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Abstract

This thesis focuses on the estimation of covariance matrices for a va-
riety of high-dimensional distributions, a problem pivotal in several
areas such as multivariate statistics, machine learning, or Markowitz’s
modern portfolio theory. The dissertation aims to study, through a
random matrix theory approach, the theoretical guarantees for the con-
vergence of the sample covariance matrix to the true covariance matrix.

The results presented in this thesis provide valuable insights into the
non-asymptotic theory of random matrices and several key ideas and
concepts from high-dimensional probability.
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Chapter 1

Introduction

1.1 Asymptotic and Non-asymptotic regimes in Ran-
dom Matrix Theory

Random matrix theory studies properties of n× d matrices A chosen from
some distribution on the set of all matrices. These random objects were first
introduced by Wishart in 1928 in the field of statistics [51]. Their popular-
ity increased following the groundbreaking work of physicist E.P. Wigner,
who innovatively applied them to represent atomic levels in nuclear energy
[50]. Indeed, the asymptotic regime, where the dimensions n, d → ∞, was
well suited for statistical physics, e.g. when random matrices served as
finite-dimensional models of infinite-dimensional operators. Since then, the
asymptotic theory of random matrices has established connections with nu-
merous diverse mathematical disciplines. These include but are not limited
to, analytic number theory [40], combinatorics [8], operator theory and or-
thogonal polynomials [21], and mathematical physics. The books [42], [4],
[22], [6] offer an introduction to the classical problems of random matrix
theory and its fascinating connections.

The asymptotic regime has been very well studied because, as dimensions
n and d grow to infinity, it is observed that the spectrum of A tends to
stabilize. This is manifested in several limit laws, which may be regarded
as random matrix versions of the central limit theorem. Among them are
Wigner’s semicircle law for the eigenvalues of symmetric Gaussian matrices,
the Marchenko-Pastur law, Bay-Yin’s law, and many more. Here is one of
those examples.

Theorem 1.1 (Bai-Yin’s law [7]). Let A be an n× d random matrix with entries
given by independent copies of a distribution with zero mean, unit variance, and
finite fourth moment. Let s1(A) ≥ sd(A) be the largest and smallest singular
values of A. As d

n → c ∈ [0, 1],

1



1. Introduction

s1(A)√
n → 1 +

√
c , sd(A)√

n → 1−
√

c a. s.

This theorem does not provide information about matrices with given fixed
dimensions d, n < ∞. However, in some other areas including statistics, con-
vex geometry, and compressed sensing, the limiting regime displayed above
may not be very useful.
In contrast to this, a non-asymptotic answer to the same question of Theo-
rem 1.1 is the following.

Theorem 1.2 (Gaussian deviation [20]). Let A be an n× d random matrix with
independent entries satisfying the Gaussian N (0, 1) distribution. Then, for every
t > 0, with probability at least 1− 2e-t2

,

√
n− C

√
d− t ≤ sd(A) ≤ s1(A) ≤

√
n + C

√
d + t,

where C is an absolute constant.

This answer is less precise (because of an absolute constant C) but more
quantitative because for fixed dimensions it gives an exponential probability
of success. For introductory texts in the so-called high dimensional proba-
bility, we refer the reader to [49], [46], [44], [10] and [15].

1.2 Estimation of covariance matrices of high-dimensional
distributions

For a high-dimensional distribution µ, its covariance structure is captured by
its covariance matrix Σ. Let X be a random vector in Rd distributed accord-
ing to µ. We may assume that X is centered (by estimating and subtracting
EX). The covariance matrix of X is defined as:

Σ := EXXT.

Σ = Σ(X) is a symmetric, positive semi-definite d× d matrix. It is a multi-
variate version of the variance Var(X).

A fundamental problem in multivariate statistics is to obtain an accurate
estimate of the covariance matrix of a multivariate distribution given inde-
pendent samples from the distribution. This challenge plays an important
role in statistical analysis in many fields, including portfolio allocation and
risk management in finance, graphical modeling, and clustering for gene dis-
covery in bioinformatics. Moreover, covariance estimation serves as a build-
ing block for many important statistical learning methods. It is extremely
important whenever we need to understand the spread of the data and its

2



1.3. Scope and content of this dissertation

marginals, for example, when we perform regression analysis [26] or princi-
pal component analysis [27]. Recent developments in the field showed that,
under certain assumptions on the moments of 1-dimensional projections of
X, and also some rather strong structural assumptions on Σ, it is possible
to obtain a satisfactory estimator of Σ even when the size of the sample n is
much smaller than the dimension d. In this regime, covariance estimation
is generally impossible (for dimension reasons), but usually, in practice, one
knows an a priori some structure of the covariance matrix Σ. For example,
Σ or Σ−1 is often known to be sparse, having few non-zero entries, such
as in graphical models. There is a vast line of research dealing with these
questions ([11], [18]), which, however, do not have a direct connection with
the results we will present.

Indeed, in this dissertation, to proceed with the estimation of the covari-
ance matrix, we take a sample of n independent points X1, . . . , Xn from the
distribution and form the sample covariance matrix:

Σn := 1
n ∑n

i=1 XiXT
i

Σn is a random matrix, which hopefully approximates Σ well. Then, the
Covariance Estimation Problem can be formulated as follows:

Question 1.3 Determine the minimal sample size n = n(d) that guarantees with
high probability (say, 0.99) that the sample covariance matrix Σn estimates the
actual covariance matrix Σ with fixed accuracy (say, ε = 0.01 ) in the operator
norm:

‖Σn − Σ‖ ≤ ε‖Σ‖

1.3 Scope and content of this dissertation

We consider a general framework for the Covariance Estimation Problem. In
Chapter 2 we will present an overview of the main methods from Random
Matrix Theory used to approach the problem, from a probabilistic point
of view. In the following chapters, we will apply such methods to obtain
guarantees on the convergence of the sample covariance matrix estimator
Σn for n independent points sampled from several distributions, ranging
from Gaussian to heavy-tailed.

1.4 Basic Notation

For a probability space (Ω,A, P) and a random variable X : Ω → R, we
denote the expectation or mean by EX and the variance by Var(X). In this

3



1. Introduction

dissertation, we will assume all sets to be measurable.
Let Lp = Lp(Ω,A, P) be the standard Lp spaces, i.e. the vector space con-
sisting of all random variables X on Ω with finite Lp-norm, and ‖X‖p =

(E [|X|p])1/p the associate norm or quasi-norm (depending on the value of
p > 0).
A random variable X is (essentially) bounded if ‖X‖∞ < ∞.
The moment generating function (MGF) MX(λ) = EeλX is the (real) Laplace
transform of X with respect to the measure P. The cumulant generating
function (CGF) KX(λ) is given by: KX(λ) = log EeλX.

We work in Rd, which is equipped with a Euclidean structure 〈·, ·〉. We de-
note by ‖ · ‖2 the corresponding Euclidean norm. The volume (d-dimensional
Lebesgue measure) is denoted by | · |.

Random vectors are denoted by X = (x1, . . . , xd) ∈ Rd. They have mean µ =

EX = (Ex1, . . . , Exd) and covariance matrix Σ = E
[
(X−EX) (X−EX)T

]
.

The d-dimensional hyperball of radius R is defined by:

Bd
2(R) = {x ∈ Rd : x2

1 + . . . + x2
d ≤ R2}

The d-dimensional hypersphere (or d-sphere) of radius R is given by:

Sd−1(R) = {x ∈ Rd : x2
1 + . . . + x2

d = R2}

If there is no conflict with other notation, we may write Bd
2 for Bd

2(1) and
Sd−1 for Sd−1(1).

The canonical basis of Rd will be denoted by (e1, . . . , ed).

Consider a matrix A ∈ Rd1×d2 . We will denote by s1(A) ≥ sd2(A) the largest
and smallest singular values of A. The values s1(A) and sd2(A) are respec-
tively the smallest number M and the largest number m such that:

m‖x‖2 ≤ ‖Ax‖2 ≤ M‖x‖2 for all x ∈ Rd2

The extreme singular values can also be described in terms of the spectral
norm of A, which is by definition:

‖A‖ = sup
x∈Rd2\{0}

‖Ax‖2

‖x‖2
= sup

x∈Sd2−1

‖Ax‖2 (1.1)

Then, the link between the extreme singular values and the spectral norm is
the following:

4



1.4. Basic Notation

s1(A) = ‖A‖

Moreover, observe that it is often convenient to study A through the d2 × d2
symmetric positive-semidefinite matrix AT A. By studying this matrix we
can obtain the eigenvalues of |A| :=

√
AT A, which will be non-negative

real numbers and, when arranged in non-decreasing order, constitute the
singular values of A.
The trace of a square matrix A is defined as:

Tr(A) = ∑i Aii

If A is a random symmetric matrix, the definitions of (MGF) and (CGF) trans-
late to the matrix moment generating function MA and the matrix cumulant
generating function KA.

5





Chapter 2

Setting and Overview of the Methods

As we already discussed and we will see in practice and more detail in the
next chapters, the goal of our study is to obtain probabilistic inequalities, i.e.
upper bounds and lower bounds, on spectral properties of the matrices in
question.
These probabilistic inequalities, clearly, should be able to capture faithfully
the underlying structure.
This, in general, can be very well achieved by studying the spectral norms of
random matrices.

Before we can obtain any meaningful bounds, we must first introduce some
basic approaches for bounding the spectral norms of random matrices. In
this section, we will collect the main methods that will be used in this work.

2.1 Setting

In this dissertation, we will try to solve the Covariance Estimation Problem,
presented with Question 1.3. In what follows, we will provide a detailed
presentation of the key objects and assumptions that will serve as the foun-
dation for our work throughout this manuscript.

Definition 2.1 Let X be a random vector in Rd distributed according to a d-
dimensional probability distribution µ. We may assume that X is centered (by
estimating and subtracting EX). The covariance matrix of X is defined as:

Σ := EXXT

Σ = Σ(X) is a symmetric, positive semi-definite d× d matrix.

To estimate the true covariance matrix, we will make use of the sample
covariance matrix estimator.

7



2. Setting and Overview of the Methods

Definition 2.2 Let X1, . . . , Xn be i.i.d. copies of X, a random vector in Rd with
covariance matrix Σ. The sample covariance matrix estimator is defined as:

Σn := 1
n ∑n

i=1 XiXT
i

Observe that Σn is a random matrix since it is a function of the random vec-
tors X1, . . . , Xn.
Moreover, Σn is an unbiased estimator of Σ and, by the Law of Large Num-
bers: Σn → Σ as n → ∞. So, by taking n large enough, we are guaranteed
to estimate the covariance matrix as we want. However, we are interested
in a quantitative aspect, as discussed in Chapter 1 when we introduced
non-asymptotic random matrix theory and we posed Question 1.3. We ask
ourselves: what is the minimal sample size n that guarantees the approxi-
mation with a given accuracy?

Since Σn is a random matrix, we will use methods from the subject of ran-
dom matrix theory to study the rate of convergence of Σn to Σ. Now, let X
be a random d× n matrix whose columns are the Xi ’s, i.e. Xik = (Xk)i, for
i ∈ 1, . . . , d, k ∈ 1, . . . , n.
Then, Σn = 1

n ∑n
k=1 XkXT

k = XXT

n This observation makes the relation of Ques-
tion 1.3 to random matrix theory clear. To answer Question 1.3, we need to
investigate if, under appropriate moment assumptions on the distribution
(of the columns of X), there are results similar to Bai-Yin, Theorem 1.1.
Note that, since we want to achieve a relative error ε in the spectral norm as
‖Σn − Σ‖ ≤ ε‖Σ‖, we can assume, to simplify the study, that Σ = I. This
means that the random vector X is isotropic.

Definition 2.3 A random vector X ∈ Rd is called isotropic if:

Σ = EXXT = I,

where I is the identity matrix. Equivalently, X is isotropic if:

E〈X, x〉2 = ‖x‖2
2 ∀ x ∈ Rd

The notion of isotropy generalizes the assumption of unit variance in higher
dimensions.

Also, observe that every full-dimensional random vector X can be made
into an isotropic one by the linear transformation: Σ−1/2X. This allows us
to mostly focus on studying isotropic random vectors in the following of the
dissertation.

Lemma 2.4 Let X, Y be independent isotropic random vectors in Rd. Then E‖X‖2
2 =

d and E〈X, Y〉2 = d.

8



2.2. The moment method

Proof (of Lemma 2.4) The first part follows from E‖X‖2
2 = E Tr(XXT) =

Tr(EXXT) = Tr(I) = d. The second part follows by conditioning on Y, using
isotropy of X and using the first part for Y: this way we obtain E〈X, Y〉2 =
E‖Y‖2

2 = d. �

Remark 2.5 In most cases, observe that we will assume in the rest of this disserta-
tion that the distribution is supported in a centered ball of radius O(

√
d). Most of

the (isotropic) distribution always lies in that ball, as E‖X‖2
2 = d.

2.2 The moment method

Let X be a n× n symmetric random matrix. If we want to bound the spec-
tral norm ‖X‖, we immediately realize one obstacle is the fact that the map
X 7→ ‖X‖ is highly nonlinear.
Therefore, it is not obvious how to efficiently relate the distribution of ‖X‖
to the distribution of the entries Xij. One of the most effective approaches to
simplifying this relationship is obtained by applying the following elemen-
tary observation.

Lemma 2.6 Let X be a n× n symmetric matrix. Then:

‖X‖ � Tr
[
X2p]1/2p for p � log n

This observation is very powerful because, unlike ‖X‖, which is a very com-
plicated function of the entries of X, the quantity Tr

[
X2p] is a polynomial in

the matrix entries. Therefore, if we turn our attention to estimating the trace,
the problem becomes a combinatorial one, much easier to solve. Indeed, the
quantity E

[
Tr
[
X2p]], the 2p-th moment of the matrix X, can be evaluated

explicitly and studied in details.
So, given this observation, what is the route to study properties of the spec-
tral norm of matrices?
Lemma 2.6 implies that

E
[
‖X‖2p]1/2p � E

[
Tr
[
X2p]]1/2p

for p � log n,

This gives a direct route to controlling the spectral norm of a random ma-
trix. This route, essentially, consists of bounding from above the expected
norm of a self-adjoint matrix A by

[
E
(
Tr Ak)], for an even integer k. Various

forms of this idea are referred to as the moment method.

Lemma 2.6 can be proved starting from the following question:

Given x ∈ Rn, we have ‖x‖p → ‖x‖∞ as p→ ∞.
Therefore, ‖x‖p ≈ ‖x‖∞ for p large.

But, what is the right order to be talking of ”p large enough”?

9



2. Setting and Overview of the Methods

Lemma 2.7 If p � log n, then ‖x‖p � ‖x‖∞ ∀ x ∈ Rn.

Proof (of Lemma 2.7) Observe that:

max1≤i≤n |xi|p ≤ ∑n
i=1 |xi|p ≤ n ·max1≤i≤n |xi|p

Therefore, ‖x‖∞ ≤ ‖x‖p ≤ n1/p · ‖x‖∞. If we impose n1/p � 1, we discover
that we can achieve this when log p � n. �

Then, we can prove Lemma 2.6 by applying Lemma 2.7.

Proof (of Lemma 2.6) Let λ = (λ1, . . . , λn) be the eigenvalues of X. Then,
‖X‖ = ‖λ‖∞ and Tr

[
X2p]1/2p

= ‖λ‖2p = ∑1≤i≤n |λi|2p.
The proof follows by applying Lemma 2.7 to λ, the spectrum of the matrix
X. �

We will make, now, some additional observations regarding the moment
method.

Remark 2.8 Observe that this method is inherently dimension-dependent (as one
must choose p ∼ log n), so that, if one is searching for dimension-free bounds, it is
generally not well suited.

2.3 The Laplace transform method

The transform method is a useful technique in developing concentration
inequalities for sums of independent random variables in the scalar setting.
It is often referred to as the ”Bernstein trick” or ”Chernoff bounding” due
to its simplicity and effectiveness.

In the matrix setting, a good extension of this technique exists, allowing
us to establish concentration inequalities for sums of independent random
matrices. Similar to the scalar case, the matrix Laplace transform method is
straightforward to apply and highly valuable. In this section, we will explain
how it works. First, we obtain tail bounds for a random matrix in terms of
its (MGF). We can control the tail probabilities of the extreme eigenvalues of
a random matrix by producing a bound for the trace of the matrix (MGF).
This will constitute the main observation for the Laplace transform method.

Proposition 2.9 Let X be a random symmetric matrix. For all t ∈ R:

P(s1(X) ≥ t) ≤ infθ>0 e−θtE Tr(eθX)

and

P(sd(X) ≤ t) ≤ infθ<0 e−θtE Tr(eθX)

10



2.3. The Laplace transform method

Proof (of Proposition 2.9) First, we proceed with the bound regarding the
maximum eigenvalue s1(X). Fix θ > 0, and observe that:

P(s1(X) ≥ t) = P
(

eθs1(X) ≥ eθt
)

≤ Eeθs1(X)

eθt
by Markov’s

inequality

=
Ees1(θX)

eθt

≤ E Tr(eθX)

eθt
since

es1(θX) = s1
(
eθX) ≤ Tr eθX

Now, we can take the infimum over all positive θ, to achieve the tightest
possible bound, obtaining the desired result. To prove the result concerning
the minimum eigenvalue, we use a similar approach. Fix θ < 0:

P (sd(X) ≤ t) = P
(

eθsd(X) ≥ eθt
)

≤ Eeθsd(X)

eθt
by Markov’s

inequality

=
Ees1(θX)

eθt ≤ E Tr(eθX)

eθt
since sd(−A) = s1(A)

and es1(θX) ≤ Tr eθX

To conclude, we minimize over θ < 0. �

We can adapt the proof of Proposition 2.9 to obtain bounds for the expecta-
tion of the maximum eigenvalue of a random symmetric matrix.

Proposition 2.10 Let X be a random symmetric matrix. Then:

Es1(X) ≤ infθ>0
1
θ log E Tr eθX

and

Esd(X) ≥ supθ<0
1
θ log E Tr eθX

Proof (of Proposition 2.10) Fix θ > 0:

Es1(X) =
1
θ

E log es1(θX)

≤ 1
θ

log Ees1(θX) by Jensen’s
inequality

≤ 1
θ

log E Tr eθX since
es1(θX) = s1

(
eθX) ≤ Tr eθX

Then, we take the infimum over θ > 0. The expectation bound for the
minimum eigenvalues is obtained in an analogous way. �

11



2. Setting and Overview of the Methods

2.4 The random process method

The so-called random process method relies on the following elementary
statement.

Lemma 2.11 Let X be a n× n symmetric matrix. Then:

‖X‖ = supv∈Bn
2
|〈v, Xv〉|,

where Bn
2 denotes the Euclidean unit ball in Rn.

When X is a symmetric random matrix, we can view v 7→ 〈v, Xv〉 as a
random process, indexed by the Euclidean unit ball. Thus controlling the
expected spectral norm of X is none other than a special instance of the
general probabilistic problem of controlling the expected supremum of a
random process.
The simplest approach to bounding the suprema of random processes is the
ε-net method.

ε-net method

The idea behind this approach is to approximate the supremum over the
unit ball B by the maximum over a finite discretization Bε of the unit ball,
which reduces the problem to computing the maximum of a finite number
of random variables. Indeed, we know that when one wants to estimate, for
instance, P

(
supv∈Bn

2
f (v) ≥ t

)
, for some function f (v), which in this case it

would be f (v) = |〈v, Xv〉|, it so evaluate the union of such event, ∀ v. When
other approaches don’t apply, one strategy for estimating such a union is to
use countable subadditivity and upper bound it by a sum of the individual
probabilities. However, for that, you need the union to be countable, which
is why it is necessary to introduce the finite discretization Bε.

As direct control of the random processes that arise from structured random
matrices is largely intractable, a different approach is often needed. To this
end, the key idea is t use comparison theorems to bound the expected supre-
mum of one random process by that of another random process. The basic
idea is to design a suitable comparison process that dominates the random
process ‖X‖ = supv∈Bn

2
|〈v, Xv〉| but that is easier to control. Classical com-

parison theorems for Gaussian processes, for instance, are due to Slepian
and Fernique and we will see them in more detail in the next chapters.

2.5 Bounds for Singular Values via Net Arguments

In this section, we will elaborate further on the concept of an ε − net and
explore how it can be utilized to establish bounds on singular values. The

12



2.5. Bounds for Singular Values via Net Arguments

content discussed in this section primarily relies on the material presented
in [49].

Definition 2.12 Let (T, d) be a metric space. Consider a compact set K ⊂ T and
fix ε > 0. A subset Nε ⊂ K is an ε-net of K if:

∀ k ∈ K, ∃ k0 ∈ Nε : d(k, k0) ≤ ε

Definition 2.13 The covering number N (K, d, ε) is the smallest possible cardinal-
ity of an ε-net Nε of K.

Alternatively, N (K, d, ε) can be defined as the minimum number of closed
balls, each with a radius of ε and centered in K, needed to completely en-
velop K. From now on, we will omit the metric d when we use the standard
Euclidean distance.

Definition 2.14 A subset P of a metric space (T, d) is ε-separated if, for x, y ∈ P ,
d(x, y) ≥ ε whenever x 6= y.
The packing number P(K, d, ε) is the largest cardinality of a ε-separated set of a
given subset K ⊂ T.

Observe that covering numbers and packing numbers are finite. As noted
in subsection (2.4), where we discussed the reasons for introducing a finite
discretization of a set K, it is crucial to be able to bound the size of this finite
discretization.

Lemma 2.15 The unit Euclidean sphere Sd−1 equipped with the Euclidean metric
satisfies for every ε > 0 that

N
(
Sd−1, ε

)
≤
(
1 + 2

ε

)d

Proof (of Lemma 2.15) Let us fix ε > 0 and choose Nε to be a maximal ε-
separated subset of Sd−1.
Maximal ε-separated net, means that Nε is such that d(x, y) ≥ ε for all x, y ∈
Nε, x 6= y, and no subset of Sd−1 containing Nε satisfies this property. The
maximality property implies that Nε is an ε-net of Sd−1. Indeed, if this
was not the case, there would exist x ∈ Sd−1 that is at least ε-far from all
points in Nε. So Nε ∪ {x} would still be an ε-separated set, contradicting the
minimality property.
Moreover, by the triangle inequality, the separation property implies that the
balls of radii ε

2 centered at the points in Nε are disjoint. On the other hand,
all such balls lie in (1 + ε

2 )Bd
2 . Then, comparing the volume gives:

vol
(

ε
2 Bd

2
)
· |Nε| ≤ vol

((
1 + ε

2

)
Bd

2
)

13



2. Setting and Overview of the Methods

Since vol
(
rBd

2
)
= rd vol

(
Bd

2
)

for all r ≥ 0, we conclude that

|Nε| ≤
(1+ ε

2 )
d

( ε
2 )

d =
(
1 + 2

ε

)n as wanted. �

Now, we will see how we can compute the spectral norm using an ε-net.
Indeed, recalling the definition of the spectral norm (1.1), to evaluate it one
needs to take the supremum over the whole sphere Sd−1. However, one
can essentially replace the sphere by its ε-net. We will consider the case of
symmetric matrices as in this dissertation we will always deal with such a
type of matrices. Indeed, we can always adapt to this case using Hermitian
dilation.

Definition 2.16 Given a general matrix A ∈ Rd1×d2 , the Hermitian dilation is the
map from a general matrix to a symmetric matrix defined by

Ã =

[
0 A

AT 0

]

Observe that the Hermitian dilation is a real-linear map.
Furthermore, the dilation retains important spectral information. Indeed,
note that the square of the dilation satisfies:

(Ã)2 =

[
AAT 0

0 AT A

]

Therefore, the squared eigenvalues of Ã coincide with the squared singular
values of A, along with an appropriate number of zeros. As a consequence,
‖Ã‖ = ‖A‖.

Lemma 2.17 Let A be a symmetric d× d matrix, and let Nε be an ε-net of Sd−1

for some ε ∈ [0, 1). Then:

‖A‖ = supx∈Sd−1 |〈Ax, x〉| ≤ (1− 2ε)−1 supx∈Nε
|〈Ax, x〉|

Proof (of Lemma 2.17) Take x ∈ Ss−1 for which ‖A‖ = |〈Ax, x〉|, and choose
y ∈ Nε which approximates x as ‖x− y‖2 ≤ ε. By the triangle inequality, we
have:

|〈Ax, x〉 − 〈Ay, y〉| = |〈Ax, x− y〉+ 〈A(x− y), y〉|
≤ ‖A‖‖x‖2‖x− y‖2 + ‖A‖‖x− y‖2‖y‖2 ≤ 2ε‖A‖

Therefore: |〈Ay, y〉| ≥ |〈Ax, x〉| − 2ε‖A‖ = (1− 2ε)‖A‖.
Finally, we take the maximum over all y ∈ Nε in this inequality, thus com-
pleting the proof. �
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2.5. Bounds for Singular Values via Net Arguments

We will see, now, an example of how to use the net argument to find a bound
on the singular values of a matrix with independent N (0, 1) entris.

Example 2.18 (Bound on the spectral norm of a matrix with i.i.d. gaussian entries)
Let G be a random n×m matrix with entries being independent N (0, 1) random
variables. It holds that:

E‖G‖ ≤ C
(√

n +
√

m
)

Indeed, observe ‖G‖ = supv∈Sm−1 ‖Gv‖2 = supu ∈ Sn−1

v ∈ Sm−1
uTGv. Computing the

spectral norm involves the maximization of a certain quantity over the sphere Sm−1.
Now, as we discussed above, we want to perform the maximization over a finite
subset N ⊂ Sm−1.
Therefore, let N be a ε-net of Sm−1. Using Lemma 2.17:∥∥ 1

n GTG− I
∥∥ ≤ 1

1−2ε supu∈N
∣∣uT 1

n

(
GTG− I

)
u
∣∣ = 1

1−2ε supu∈N
∣∣ 1

n‖Gu‖2
2 − 1

∣∣
Recall that Gij are i.i.d N (0, 1) for all i ∈ {1, . . . , n}, j ∈ {1, . . . , m} and that
‖u‖2 = 1 ∀ u ∈ N .
Thus, 1

n‖Gu‖2
2 − 1 = 1

n ∑
(

g2
i − 1

)
, where gi’s are i.i.d. N (0, 1). Moreover, ob-

serve that ∑n
i=1 g2

i follows a χ2 distribution with n degrees of freedom. Therefore,
we will need a concentration inequality for χ2 random variables.

Proposition 2.19 Let g1, . . . , gn be i.i.d N (0, 1). For all t ∈ [0, 1]:

P
(∣∣ 1

n ∑i
(

g2
i − 1

)∣∣ ≥ t
)
≤ 2 exp

(
−n t2

8

)
Proof (of Proposition 2.19) Note that:

P

(∣∣∣∣∣ 1n n

∑
i=1

(
g2

i − 1
)∣∣∣∣∣ ≥ t

)
≤ P

(
1
n

n

∑
i=1

(
g2

i − 1
)
≥ t

)

+ P

(
1
n

n

∑
i=1

(
g2

i − 1
)
≤ −t

)

Thus, it suffices to bound the two terms on the right-hand side of the inequal-
ity above separately. To bound the first, observe that by Markov’s inequality,
for any λ ≥ 0, we have:

P

(
1
n

n

∑
i=1

(
g2

i − 1
)
≥ t

)
= P

[
exp

(
λ

n

∑
i=1

(
g2

i − 1
))
≥ exp(λnt)

]

≤ exp(−λnt) ·E
[

exp

(
λ

n

∑
i=1

(
g2

i − 1
))]

15



2. Setting and Overview of the Methods

Since g1, . . . , gn are i.i.d., we have:

E

[
exp

(
λ

n

∑
i=1

(
g2

i − 1
))]

=
n

∏
i=1

E
[
exp

(
λ
(

g2
i − 1

))]
=
(
E
[
exp

(
λ
(

g2
1 − 1

))])n

Using the density function of a standard Gaussian random variable, for any
λ < 1

2 , we have:

E
[
exp

(
λ
(

g2
1 − 1

))]
=

1√
2π

∫ ∞

−∞
exp

(
λ
(
x2 − 1

))
· exp

(
− x2

2

)
dx

=
exp(−λ)√

1− 2λ
·
√

1− 2λ√
2π

∫ ∞

−∞
exp

(
− x2

2

√
1− 2λ

)
dx

Observe that x 7→ 1√
2π

√
1− 2λ exp

(
− x2

2

√
1− 2λ

)
is the density function of

a centered Gaussian random variable with variance 1
1−2λ , for any λ < 1

2 .
Using the inequality −x− x2 ≤ ln(1− x), which is valid for any x ∈

[
0, 1

2

]
,

we obtain, for any λ ∈
[
0, 1

4

]
:

E
[
exp

(
λ
(

g2
1 − 1

))]
= exp(−λ)√

1−2λ
≤ exp

(
2λ2)

Therefore, we get, for any λ ∈
[
0, 1

4

]
:

P
( 1

n ∑n
i=1
(

g2
i − 1

)
≥ t
)
≤ exp

(
n
(
2λ2 − λt

))
By setting λ = t

4 , which is an admissible choice since λ ∈
[
0, 1

4

]
is satisfied

whenever t ∈ [0, 1], we obtain:

P
( 1

n ∑n
i=1
(

g2
i − 1

)
≥ t
)
≤ exp

(
−n t2

8

)
To bound the second term, we proceed in a similar manner. Specifically, by
Markov’s inequality, for any λ ≥ 0, we have:

P
( 1

n ∑n
i=1
(

g2
i − 1

)
≤ −t

)
≤ exp(−λdt) ·

(
E
[
exp

(
λ
(
1− g2

1

))])n

From the inequality (1 + 2x)−1/2 ≤ exp
(
2x2 − x

)
, which holds for all x ≥ 0,

a simple calculation yields:

E
[
exp

(
λ
(
1− g2

1

))]
= exp(λ)√

1+2λ
≤ exp

(
2λ2)
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2.6. Sub-gaussian, sub-exponential, and Orlicz Norms of random vectors

Using the same argument as before, we obtain, for any t ∈ [0, 1]:

P
( 1

n ∑n
i=1
(

g2
i − 1

)
≤ −t

)
≤ exp

(
−m t2

8

)
This completes the proof. �

Now, going back to the original problem, finding upper and lower bounds on the
singular values of a Gaussian random matrix, we proceed in the following way. Let
N be a 1

4 -net of Sn−1. By the decomposition in χ2 random variables, and using
Proposition 2.19 and Lemma 2.15, we have:

P

(∥∥∥∥ 1
n

GTG− I
∥∥∥∥ ≥ 2t

)
≤ P

(
sup
u∈N

∣∣∣∣ 1n‖Gu‖2
2 − 1

∣∣∣∣ ≥ t

)

≤ ∑
u∈N

P

(∣∣∣∣ 1n‖Gu‖2
2 − 1

∣∣∣∣ ≥ t
)

≤ 2 · 9n · exp
(
−m

t2

8

)

By setting t2 = 8 ln 9
n

(
m + η2) for some η ≥ 0 and noting that

√
a + b ≤

√
a+
√

b
for any a, b ≥ 0, we get:

P

(∥∥ 1
n GTG− I

∥∥ ≥ 2 ·
√

8 ln 9
n · (

√
m + η)

)
≤ 2 exp

(
− ln 9 · η2)

It follows that when η > 0 is sufficiently large, we have

√
n− c(

√
m + η) ≤ s1(G) ≤

√
n + c(

√
m + η)

with high probability, where c = 2
√

8 ln 9.

2.6 Sub-gaussian, sub-exponential, and Orlicz Norms
of random vectors

We search for bounds that inform how a random variable X concentrates
near the mean, in other words, an expression of the form:

P (|X− µ| > t) ≤ f (t),

where µ is the mean of the random variable X and f (t) is an error function
that converges fast, possibly exponentially, to zero.

The Gaussian distribution exhibits a notably rapid decay.

17



2. Setting and Overview of the Methods

Proposition 2.20 (Tails for the Standard Gaussian Distribution). Let g be a stan-
dard Gaussian variable. Then, for every t > 0:

P (|g| ≥ t) ≤ min
{

1,
√

2
π

1
t

}
e−t2/2

Proof (of Proposition 2.20) By symmetry, we have:

P(|g| ≥ t) = 2√
2π

∫ ∞
t e−x2/2dx

A change of variables yields:∫ ∞
t e−x2/2dx =

∫ ∞
0 e−(x+t)2/2dx = e−t2/2

∫ ∞
0 e−xte−x2/2dx

From the estimates e−xt ≤ 1 and e−x2/2 ≤ 1 we obtain either:∫ ∞
t e−x2/2dx ≤ e−t2/2

∫ ∞
0 e−x2/2dx =

√
π
2 e−t2/2

or∫ ∞
t e−x2/2dx ≤ e−t2/2

∫ ∞
0 e−xtdx = 1

t e−t2/2. �

Therefore, the standard Gaussian distribution concentrates heavily around
the mean and an analogous result holds for Gaussian random variables. Mo-
tivated by the strong concentration of Gaussian variables, we focus our study
on a specific category of random variables that display fast decay. It would
be beneficial to broaden these findings to encompass a more diverse range of
distributions. At a minimum, we expect that the normal distribution should
be included in this class.

The sub-gaussian distribution

The following proposition states that some properties of such variables: the
proofs follow [49].

Proposition 2.21 Let X be a random variable. Then the following properties are
equivalent. Each holds for a constant Ki > 0.

(i) The tails of X satisfy:

∀ t ≥ 0, P(|X| ≥ t) ≤ 2e−t2/K1

(ii) The moments of X satisfy:

∀ p ≥ 1, ‖X‖p ≤ K2
√

p

(iii) The (MGF) of X2 satisfies:

18



2.6. Sub-gaussian, sub-exponential, and Orlicz Norms of random vectors

∀ λ ∈ R, |λ| ≤ K−1
3 , Eeλ2X2 ≤ eK2

3λ2

(iv) The (MGF) of X2 is bounded at some point:

EeX2/K2
4 ≤ 2

(v) If X has zero mean, the following is also equivalent to all above:

∀ λ ∈ R, EeλX ≤ eK2
5λ2

Proof (of Proposition 2.21)

• (i)⇒ (ii) Suppose property (i) holds. By homogeneity, we may assume
K1 = 1. Then:

E|X|p =
∫ ∞

0
P (|X|p ≥ u) du by integral layer

cake identity

=
∫ ∞

0
P(|X| ≥ t)ptp−1dt from the change of variables

u = tp

≤
∫ ∞

0
2e−t2

ptp−1dt from Property (i)

= pΓ(p/2) by setting t2 = s in the expression
for the Gamma function

≤ p(p/2)p/2 as Γ(x) ≤ xx

Now take the p-th root to get (ii) with K2 ≤ 2.

• (ii) ⇒ (iii) Assume again by homogeneity that K2 = 1. From the
Taylor series expansion of the exponential:

Eeλ2X2
= 1 + ∑∞

p=1
λ2pE[X2p]

p! ,

from property (ii), E
[
X2p] ≤ (2p)p and by the expansion of ep,

p! ≥ (p/e)p. Now, substitute these bounds into the Taylor expansion:

Eeλ2X2 ≤ 1 + ∑∞
p=1

(2λ2 p)
p

(p/e)p = ∑∞
p=0
(
2eλ2)p

= 1
1−2eλ2 , if |λ| < 1√

2e

In the last step, we used the convergence of the geometric series. For
x ∈

[
0, 1

2

]
, the inequality 1

1−x ≤ e2x is valid and then:

Eeλ2X2 ≤ e4eλ2
, if |λ| ≤ 1√

2e

We thus obtain (iii) for K3 =
√

2e.

• (iii) ⇒ (iv) This implication is straightforward, just take λ sufficient
small such that eK2

3λ2 ≤ 2.

• (iv)⇒ (i) By homogeneity assume K4 = 1. Then:
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2. Setting and Overview of the Methods

P(|X| ≥ t) = P
(

eX2 ≥ et2
)

≤ e−t2
E
[
eX2
]

by Markov’s inequality

≤ 2e−t2
by property (iv)

We obtain (i) with K1 = 1.

• (iii)⇒ (v)

Assume (iii) holds with K3 = 1. Since ex ≤ x + ex2
for all real x:

EeλX ≤ E
[
λX + eλ2X2

]
= Eeλ2x2 since we assume

EX = 0

≤ eλ2
, if |λ| ≤ 1

Therefore, for |λ| ≤ 1, we get the desired bound. Now suppose that
|λ| > 1. Use 2λx ≤ λ2 + x2 for all λ and x to obtain:

EeλX ≤ eλ2/2EeX2/2 ≤ eλ2/2e1/2 ≤ eλ2

The second inequality follows from property (iii) and the last one from
the fact that λ has absolute value greater than one. Thus (iii) ⇒ (v)
with K5 = 1.

• (v)⇒ (i) For this, we use a smart trick, the so-called Laplace transform
method (Section (2.3)). Let λ > 0 be a parameter to be chosen later.
Write:

P(X ≥ t) = P
(

eλX ≥ eλt
)

≤ e−λtEeλt by Markov’s
inequality

≤ e−λteλ2
by Property (v)

= e−λt+λ2

= e−t2/4 minimizing for λ : λ = t
2

Apply the same method to −X to obtain P(X ≤ −t) ≤ e−t2/4. Using
the union bound we finally obtain (i) with K1 = 2. �

Definition 2.22 (Sub-gaussian random variables, subgaussian norm) Any random
variable that satisfies properties (i)-(iv) is called sub-gaussian random variable. The
sub-gaussian norm ‖X‖ψ2 is:

‖X‖ψ2 = inf
{

t > 0 : EX2/t2 ≤ 2
}

From property (iv), X is sub-gaussian if and only if ‖X‖ψ2 is finite.
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Example 2.23 Some classical examples of sub-gaussian random variables are:

1. (Gaussians) If X ∼ N
(
0, σ2), Proposition 2.20 and homogeneity implies

that ‖X‖ψ2 ≤ Cσ, for an absolute constant C. By the triangular inequality,
X ∼ N

(
µ, σ2) , ‖X‖ψ2 ≤ Cσ + |µ| 1√

ln 2

2. (Rademacher) Let X be a random variable with Rademacher distribution. Since
|X| = 1, it follows that X is a sub-gaussian random variable with
‖X‖ψ2 =

1√
ln 2

3. (Bounded variables) Any bounded random variable X is subgaussian with
‖X‖ψ2 ≤ C‖X‖∞, for C = 1√

ln 2
.

Remark 2.24 The definition of a subgaussian random variable X does not require
X to be centered. In any case, one can always center X using the simple fact that if
X is subgaussian, then so is X−EX. Moreover, ‖X−EX‖ψ2 ≤ 2‖X‖ψ2 .
This follows by the triangle inequality ‖X − E‖ψ2 ≤ ‖X‖ψ2 + ‖EX‖ψ2 , with
‖EX‖ψ2 = |EX| ≤ E|X| ≤ ‖X‖ψ2 .

Moreover, the sum of sub-gaussian random variables is also sub-gaussian.
This property is also called ”rotation invariance”. This is a remarkable prop-
erty that, from the Gaussian distribution, passes onto sub-gaussian random
variables.

Proposition 2.25 (Sum of sub-gaussian random variables) Let X1, . . . , Xn be inde-
pendent, mean zero, sub-gaussian random variables. Then:

‖∑n
i=1 Xi‖2

ψ2
≤ C ∑n

i=1 ‖Xi‖2
ψ2

Proof (of Proposition 2.25) We consider again the (MGF). For ∀ λ > 0:

Eeλ ∑n
i=1 Xi =

n

∏
i=1

EeλXi by independence

≤
n

∏
i=1

EeCλ2‖Xi‖2
ψ2 from Properties (ii)-(v)

= eKλ2
,

for K = C ∑n
i=1 ‖Xi‖2

ψ2
.

The sum ∑n
i=1 Xi has zero mean by the linearity of the expected value. By

Properties (ii)-(v) and the equivalences in Proposition 2.21,
‖∑n

i=1 Xi‖2
ψ2
≤ K. �

The rotation invariance immediately yields a large deviation inequality for
sums of independent sub-gaussian random variables.
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Proposition 2.26 (Hoeffding-type inequality) Let X1, . . . , Xn be independent cen-
tered sub-gaussian random variables, and let K = maxi ‖Xi‖ψ2

. Then for every
a = (a1, . . . , an) ∈ Rn and every t ≥ 0, we have:

P
{∣∣∣∑N

i=1 aiXi

∣∣∣ ≥ t
}
≤ e · exp

(
− ct2

K2‖a‖2
2

)
,

where c > 0 is an absolute constant.

Proof (of Proposition 2.26) Lemma 2.25 implies the bound ‖∑i aiXi‖2
ψ2
≤

C ∑i a2
i ‖Xi‖2

ψ2
≤ CK2‖a‖2

2. The first claim of Proposition 2.21 yields the
required tail decay. �

Remark 2.27 Observe that the number 2 in the Definition 2.22 can be replaced by
another constant. It arises naturally in many scenarios.

The sub-exponential distribution

When the tails are slightly heavier than the Gaussian tails, we can still mime
the characterizations of sub-gaussian distributions as in Proposition 2.21 to
obtain concentration bounds in the so-called sub-exponential case.

Proposition 2.28 Let X be a random variable. Then the following properties are
equivalent (each holds for some Ki > 0 ).

(i) The tails of X satisfy:

∀ t > 0, P(|X| ≥ t) ≤ 2e−t/K1

(ii) The moments of X satisfy:

∀ p ≥ 1, ‖X‖p ≤ K2 p

(iii) The (MGF) of |X| satisfies:

∀ λ ∈ R, 0 ≤ λ ≤ K−1
3 , Eeλ|X| ≤ eK3λ

(iv) The (MGF) of |X| is bounded at some point:

Ee|X|/K4 ≤ 2

(v) If X is mean zero, the following is also equivalent to all the above:

∀ λ ∈ R, |λ| ≤ K−1
5 , EeλX ≤ eK2

5λ2

Proof (of Proposition 2.28) We only prove that (ii) is equivalent to (v), the
other properties can be proved using the same arguments in the proof of
Proposition 2.21. Suppose that (ii) holds with K2 = 1 and λ is positive (if it
is zero the inequality is trivial). By the Taylor expansion:

EeλX = 1 + λEX + ∑∞
p=2

λp+E[Xp]
p! = 1 + ∑∞

p=2
λpE[Xp]

p! ,
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since X has zero mean. Use the estimates E [Xp] ≤ (p)p and p! ≥ (p/e)p

and:

EeλX ≤ 1 +
∞

∑
p=2

(λp)p

(p/e)p

= 1 +
(eλ)2

1− eλ
provided that |eλ| < 1

≤ 1 + 2e2λ2 if |eλ| ≤ 1
2

≤ e2e2λ2
from the elementary inequality 1 + x ≤ ex

Now apply the bound above for −X and conclude that it holds for all λ with
absolute value less than 1

2e (the right-hand side does not change). We now
assume that (v) holds with K5 = 1. Consider the numeric inequality that is
valid for every x and p > 1:

|x|p ≤ pp (ex + e−x)

To see that the inequality holds, divide both sides by pp and compare the
Taylor series. Applying this inequality:

E|X|p ≤ pp (EeX + Ee−X) ≤ 2pp

The last inequality follows from Property (v) applied twice with λ = 1 and
λ = −1. Taking the p-root, concludes the proof. �

Definition 2.29 (Sub-exponential random variable, sub-exponential norm). A ran-
dom variable X is sub-exponential if it obeys (i)-(iv). By Proposition 2.28, X is
sub-exponential if and only if the following norm is finite:

‖X‖ψ1 = inf
{

t > 0 : Ee|X|/t ≤ 2
}

There is the following relation between sub-exponential and sub-gaussian
random variables.

Proposition 2.30 (Sub-exponentials are squares of sub-gaussians). A random vari-
able X is sub-gaussian if and only if X2 is sub-exponential. Moreover:

‖X‖2
ψ2

=
∥∥X2

∥∥
ψ1
≤ 2‖X‖2

ψ2

Proof (of Proposition 2.30) Indeed,
∥∥X2

∥∥
ψ1

is the infimum of t1 > 0 such

that EeX2/t1 ≤ 2 and ‖X‖ψ2 is the infimum of t2 > 0 such that EeX2/t2
2 ≤ 2.

We get that t1 = t2
2. The inequality follows from the definition. �
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Sub-exponential random variables satisfy a large deviation inequality simi-
lar to the one for sub-gaussians stated in Proposition 2.26.

Proposition 2.31 (Bernstein-type inequality). Let X1, . . . , Xn be independent cen-
tered sub-exponential random variables, and K = maxi ‖Xi‖ψ1

. Then for every a =

(a1, . . . , an) ∈ Rn and every t ≥ 0, we have:

P {|∑n
i=1 aiXi| ≥ t} ≤ 2 exp

[
−c min

(
t2

K2‖a‖2
2
, t

K‖a‖∞

)]
,

where c > 0 is an absolute constant.

Proof (of Proposition 2.31) Without loss of generality, we can assume that
K = 1 by replacing Xi with Xi

K and t with t
K . We use Markov’s inequality for

the sum S = ∑i aiXi and for λ > 0 :

P{S ≥ t} = P
{

eλS ≥ eλt} ≤ e−λtEeλS = e−λt ∏i E exp (λaiXi)

Note that, if |λ| ≤ c/‖a‖∞ then |λai| ≤ c for all i, so by (v) of Proposition
2.28, we get:

P{S ≥ t} ≤ e−λt ∏i exp
(
Cλ2a2

i
)
= exp

(
−λt + Cλ2‖a‖2

2
)

Therefore, by choosing λ = min
(

t
2C‖a‖2

2
, c
‖a‖∞

)
, we obtain that:

P{S ≥ t} ≤ exp
[
−min

(
t2

4C‖a‖2
2
, ct

2‖a‖∞

)]
Repeating this argument for −Xi instead of Xi, we obtain the same bound
for P{−S ≥ t }. A combination of these two bounds completes the proof.�

For convenience, we restate the Bernstein bound in a different form.

Theorem 2.32 (Bernstein inequality - Usual form) Let X1, . . . , Xn be independent
centered subexponential random variables with ‖Xi‖ψ1 ≤ K. Then, for every ε ≥ 0:

P (|∑n
i=1 Xi| ≥ εn) ≤ 2 exp

(
−c min

(
ε2

K2 , ε
K

)
n
)

,

where c > 0 is an absolute constant.

Proof (of Theorem 2.32) We use Proposition 2.31 with ai = 1 and t = εn and
the result follows. �
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2.6. Sub-gaussian, sub-exponential, and Orlicz Norms of random vectors

The Orlicz norms

We have defined sub-gaussian and sub-exponential variables in terms of
bounds on the (MGF). Following Remark 2.27, sub-gaussian and sub-exponential
distributions can be introduced within a more general framework of Orlicz
spaces.

Definition 2.33 A function ψ : [0, ∞) 7→ [0, ∞) is called an Orlicz function if ψ
is convex, increasing and it satisfies:

ψ(0) = 0, ψ(x)→ ∞ as x→ ∞

Definition 2.34 For a given Orlicz function ψ, the Orlicz norm of a random vari-
able X is defined as:

‖X‖ψ = inf
{

t > 0 : Eψ
(
|X|

t

)
≤ 1

}
The Orlicz space Lψ = Lψ(Ω,A, P) consists of all random variables X on the
probability space (Ω,A, P) with finite Orlicz norm, i.e.:

Lψ = {X : ‖X‖ψ < ∞}

To see how this definition includes the sub-gaussian and sub-exponential
random variables, consider the function:

ψα = exα − 1

This is an Orlicz function, from Definition 2.33 and observe that for α = 2
and α = 1 we recover, respectively, Definition 2.22 and Definition 2.29.
Equivalently, the Orlicz norm for the function ψα can be defined as:

‖X‖ψα = sup
p≥1

‖X‖p

p1/α
(2.1)

Generalization to Random Vectors

It is possible to generalize the above definitions for random vectors X ∈ Rd.
It is well-known that the multivariate normal distribution can be character-
ized through its one-dimensional marginals: a random vector X has a nor-
mal distribution in Rd if and only if the one-dimensional marginals 〈X, x〉
are normal for all x ∈ Rd.
Guided by this characterization, it becomes intuitive to establish the defini-
tion of multivariate sub-gaussian, sub-exponential distributions as follows.
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Definition 2.35 (Sub-gaussian random vectors). A random vector X in Rd is
called sub-gaussian if the one-dimensional marginals 〈X, x〉 are sub-gaussian ran-
dom variables for all x ∈ Rd. The sub-gaussian norm of X is defined as:

‖X‖ψ2 = supx∈Sd−1 ‖〈X, x〉‖ψ2

A good example of a sub-gaussian random vector is a random vector with
independent, sub-gaussian coordinates.

Lemma 2.36 (Sub-gaussian distributions with independent coordinates). Let X =
(X1, . . . , Xn) ∈ Rn be a random vector with independent, mean zero, subgaussian
coordinates Xi. Then X is a sub-gaussian random vector, and:

‖X‖ψ2 ≤ C maxi≤n ‖Xi‖ψ2

Proof (of Lemma 2.36) This is a consequence of Proposition 2.30. Indeed,
for a fixed unit vector x = (x1, . . . , xd) ∈ Sd−1 we have:

‖〈X, x〉‖2
ψ2

=

∥∥∥∥∥ d

∑
i=1

xiXi

∥∥∥∥∥
2

ψ2

≤ C
d

∑
i=1

x2
i ‖Xi‖2

ψ2
by Proposition 2.30

≤ C max
i≤n
‖Xi‖2

ψ2
using that ∑d

i=1 x2
i = 1

This completes the proof. �

Numerous random vectors belong to this class.

Example 2.37 Some examples of sub-gaussian random vectors are:

1. (Gaussian, Bernoulli): Gaussian and Bernoulli random vectors are sub-gaussian;
their sub-gaussian norms are bounded by an absolute constant. These are par-
ticular cases of Lemma 2.36

2. (Spherical): A spherical random vector is also sub-gaussian; its sub-gaussian
norm is bounded by an absolute constant. Unfortunately, this does not follow
from Lemma 2.36 because the coordinates of the spherical vector are not inde-
pendent. Instead, by rotation invariance, the claim clearly follows from the fol-
lowing geometric fact. For every ε ≥ 0, the spherical cap

{
x ∈ Sd−1 : x1 > ε

}
makes up at most exp

(
− ε2d

2

)
proportion of the total area on the sphere.

Equivalently, we can define sub-exponential random vectors.

Definition 2.38 (Sub-exponential random vectors). A random vector X in Rd is
called sub-exponential if the one-dimensional marginals 〈X, x〉 are sub-exponential
random variables for all x ∈ Rd. The sub-gaussian norm of X is defined as:



2. Setting and Overview of the Methods

‖X‖ψ1 = supx∈Sd−1 ‖〈X, x〉‖ψ1
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Chapter 3

Case Study: Gaussian Random Vectors

In this Chapter, to be able to answer Question 1.3, we will mainly use tools
related to the ”random process method” (2.4), which we introduced in the
previous chapter, and to the theory of Gaussian processes.

3.1 Preliminaries

Random processes are collections of random variables (Xt)t∈T that are not
necessarily independent. In many classical examples of probability theory
such as Brownian motion, t stands for time, meaning T ⊂ R. But in high-
dimensional probability, it is important to go beyond this case and allow T
to be a general abstract set: in our cases, it will be mainly an arbitrary subset
of Rd.
In this section, we will prove remarkably sharp comparison inequalities for
Gaussian processes, such as Sudakov-Fernique’s, and will introduce useful
techniques, such as the one of Gaussian interpolation.
The content discussed in this section primarily relies on the material pre-
sented in [46], [49].

We start by formally introducing Gaussian processes.

Definition 3.1 A random process (Xt)t∈T is called a Gaussian process if, for any
finite subset T0 ⊂ T, the random vector (Xt)t∈T0 has a normal distribution.

Next, we introduce some arguments that will be fundamental to develop
comparison inequalities and that are of general interest for the Gaussian
case.
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3. Case Study: Gaussian Random Vectors

Lemma 3.2 (Gaussian integration by parts) Let X ∼ N (0, 1). Then, for any
differentiable function f : R 7→ R we have:

E f ′(X) = E [X f (X)]

Proof (of Lemma 3.2) Assume that f has bounded support. Then, we can
extend the result to general integrable functions using an approximation
argument. We denote by p(x) = 1√

2π
exp

(
− x2

2

)
the gaussian density. Then,

it follows, by expressing the expectation as an integral and using the classical
integration by parts:

E f ′(X) =
∫

R
f ′(x)p(x)dx = −

∫
R

f (x)p′(x)dx

=
∫

R
f (x) · x · p(x)dx using p′(x) = −xp(x)

= E [X f (X)] ,

proving the lemma. �

We will, now, extend this result to general Gaussian variables and, later, to
high dimensions.
First extension Let X ∼ N (0, σ2). Then, for any differentiable function f : R 7→
R we have:

E [X f (X)] = σ2E f ′(X)

Proof (of First extension) We can write X as X = σ · Z, where Z ∼ N (0, 1).
The density function of X is: p(x) = 1√

2πσ2 exp
(
− x2

2σ2

)
. Therefore:

p′(x) = − xp(x)
σ2 . It follows:

E [X f (X)] =
∫

R
x f (x)p(x)dx = −

∫
R

σ2 f (x)p′(x)dx

= +σ2
∫

R
f ′(x)p(x)dx = σ2E

[
f ′(X)

]
,

thus proving the result. �

We generalize, now, Gaussian integration by parts to high dimensions:
Second extension (Multivariate Gaussian integration by parts) Let X ∼ N (0, Σ).
Then, for any differentiable function f : Rd 7→ R we have:

E [X f (X)] = Σ ·E∇ f (X)

Proof (of Second extension) Observe that, by matrix-vector multiplication,
the conclusion of the lemma is equivalent to:
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3.1. Preliminaries

E [Xi f (X)] = ∑d
k=1 Σ1/2

ik E
[
Zk f (Σ1/2Z)

]
for i = 1, . . . , d

Now, let Z ∼ N (0, I). Then, clearly X has the same distribution as Σ1/2Z.
Thus:

E [Xi f (X)] = ∑d
k=1 Σ1/2

ik E
[
Zk f

(
Σ1/2Z

)]
Since Z ∼ N (0, I), the {Zk} are independent and Zk ∼ N (0, 1) ∀ k = 1, . . . d.
We can apply the univariate Gaussian integration by parts (Lemma 3.2) for
E
[
Zk f l

(
Σ1/2Z

)]
, conditionally on all variables except Zk ∼ N (0, 1). Then:

E [Xi f (X)] =
d

∑
k=1

Σ1/2
ik

d

∑
j=1

Σ1/2
jk E

[
∂ f
∂xj

(
Σ1/2Z

)]

=
d

∑
j=1

d

∑
k=1

Σ1/2
ik Σ1/2

jk E

[
∂ f
∂xj

(
Σ1/2Z

)]

=
d

∑
j=1

ΣijE

[
∂ f
∂xj

(X)

]
,

thus proving the result. �

Having developed this argument, we are now ready to develop the tech-
nique of Gaussian interpolation. First, we describe briefly what it consists
of.
Assume that T is finite. Then X = (Xt)t∈T and Y = (Yt)t∈T are Gaussian ran-
dom vectors in Rd. Moreover, we also assume that X and Y are independent.
We, then, define the Gaussian random vector Z(u) ∈ Rd that continuously
interpolates between Z(0) = Y and Z(1) = X:

Z(u) :=
√

uX +
√

1− uY, u ∈ [0, 1]

Lemma 3.3 (Gaussian interpolation) Consider two independent Gaussian vectors
X ∼ N

(
0, ΣX) and Y ∼ N

(
0, ΣY). The interpolation vector is defined as:

Z(u) :=
√

uX +
√

1− uY, u ∈ [0, 1]. Then, for any twice-differentiable func-
tion f : Rd 7→ R, we have:

d
du E f (Z(u)) = 1

2 ∑i,j

(
ΣX

ij − ΣY
ij

)
E
[

∂2 f
∂xi∂xj

(Z(u))
]

Proof (of Lemma 3.3) We will use the chain rule:

d
du E f (Z(u)) = ∑d

i=1 E
∂ f
∂xi

(Z(u)) dZi
du = 1

2 ∑d
i=1 E

∂ f
∂xi

(Z(u))
(

Xi√
u −

Yi√
1−u

)
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3. Case Study: Gaussian Random Vectors

We break this sum into two, and first compute the contribution of the terms
containing Xi. To do so, we condition on Y and:

d

∑
i=1

1√
u

E

[
Xi

∂ f
∂xi

(Z(u))
]
= define gi(x) = ∂ f

∂xi
(Z(u))

=
d

∑
i=1

1√
u

(
d

∑
i=1

ΣX
ij E

[
∂gi

∂xj
(x)
])

= by multivariate Gaussian
integration by parts

=
d

∑
i=1

1√
u

{
d

∑
j=1

ΣX
ij
√

uE

[
∂2 f

∂xi∂xj

(√
uX +

√
1− uY

)]}

Therefore: ∑d
i=1

1√
u E
[

Xi
∂ f
∂xi

(Z(u))
]
= ∑i,j ΣX

ij E
∂2 f

∂xi∂xj
(Z(u)). Finally, we take

the expectation of both sides with respect to Y, therefore lifting the condi-
tioning on Y and we repeat the same steps for the terms containing Yi, thus
obtaining the desired result. �

Finally, we can now state a classical comparison theorem for Gaussian pro-
cesses due to Slepian and Fernique.

Lemma 3.4 (Slepian-Fernique inequality) Let Y ∼ N (0, ΣY), Z ∼ N (0, ΣZ)

be centered Gaussian vectors in Rd. Suppose that E
(
Yi −Yj

)2 ≤ E
(
Zi − Zj

)2

∀ 1 ≤ i, j ≤ d. Then:

E sup1≤i≤d Yi ≤ E sup1≤i≤d Zi

Proof (of Lemma 3.4) Let g, g′ be independent standard Gaussian vectors.
We can assume that Y =

(
ΣY)1/2 g and Z =

(
ΣZ)1/2 g′. Let W(t) =

√
tZ +√

1− tY for t ∈ [0, 1]. Then:

d
dt

E [ f (W(t))] =
1
2

E

[
〈∇ f (W(t)),

Z√
t
− Y√

1− t
〉
]

by multivariate
chain rule

=
1
2

E

[
1√

t
〈
(

ΣZ
)1/2
∇ f (W(t)), g′〉 by Gaussian interpolation

− 1√
1− t

〈
(

ΣY
)1/2
∇ f (W(t)), g〉

]
=

1
2

d

∑
i=1

(
ΣZ

ij − ΣY
ij

)
E

[
∂2 f

∂xi∂xj
(W(t))

]
by Gaussian integration

by parts

Now that we have this identity, we would like to apply it to f (x) = supi xi.
If we can show that d

dt E [supi Wi(t)] ≤, that would imply our goal:
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3.1. Preliminaries

E [supi Zi] = E [supi Wi(1)] ≥ E [supi Wi(0)] = E [supi Yi]

One problem is that the function x 7→ supi xi is not sufficiently smooth, as
it doesn’t possess second derivatives. Therefore, we are required to work
with a smooth approximation. As a smooth approximation to the maximum
function, we will use the LogSumExp.

Definition 3.5 The LogSumExp is defined as the logarithm of the sum of the expo-
nentials of the arguments:

fβ(x) = 1
β log

(
∑d

i=1 exp (βxi)
)

Let’s briefly discuss why the LogSumExp is a good sup approximation.

Claim 3.6 We have:

supi xi ≤ fβ(x) ≤ supi xi +
1
β log d

Therefore: fβ(x) 7→ supi xi as β→ ∞.

Proof (of Claim 3.6) supi xi =
1
β log sup eβxi ≤ fβ(x) ≤ 1

β log
(
d · supi eβ xi

)
=

supi xi +
log d

β , thus easily proving the result. �

Observe that LogSumExp is convex, and strictly increasing everywhere in its
domain. Writing x = (x1, . . . , xd), the partial derivatives of the function are:

∂
∂xi

fβ(x) = exp(xi)

∑j exp(xj)
. Therefore, the gradient of LogSumExp is the softmax

of the function.
In our case we define: ∂

∂xi
fβ(x) =: pi(x), where the pi are such that: pi(x) ≥

0 and ∑i pi(x) = 1.
Then, we can evaluate:
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3. Case Study: Gaussian Random Vectors

d
dt

E
[

fβ(W(t))
]
=

1
2 ∑

i,j

(
ΣZ

ij − ΣY
ij

)
E
[
β
(

pi(W(t))δij − pi(W(t))pj(W(t))
)]

=
1
2

β

[
∑
i,j

(
EZiZj −EYiYj

)
E
[
pi(W(t))δij

] since
EZiZj = ΣZ

ij ,

EYiYj = ΣY
ij

− ∑
i,j

(
EZiZj −EYiYj

)
E
[
pi(W(t))pj(W(t))

]]

=
1
2

β

[
∑

i

(
EZ2

i −EY2
i
)

pi(W(t)) by independence

− ∑
i,j

(
EZiZj −EYiYj

)
E
[
pi(W(t))pj(W(t))

]]

=
1
2

β

[
∑
i,j

(
EZ2

i −EY2
i

since ∑ pi = 1
=⇒ pi = ∑j pi pj

− EZiZj + EYiYj
)

E
[
pi(W(t))pj(W(t))

]]
=

1
4

β

[
∑
i<j

E
[
pi(W(t))pj(W(t))

]
·(

E
(
Zi − Zj

)2 −E
(
Yi −Yj

)2
)]

Now, observe that:

• Epi(W(t))pj(W(t)) ≥ 0 by the definition of pi(x)

•
(

E
(
Zi − Zj

)2 −E
(
Yi −Yj

)2
)
≥ 0 by the hypothesis of the lemma

Therefore d
dt E

[
fβ(W(t))

]
≥ 0 and we get: E

[
fβ(Y)

]
≤ E

[
fβ(Z)

]
.

By letting β → ∞ and using dominated convergence, we get: E supi Yi ≤
E supi Yi, concluding the proof. �

We will, now, state and prove a very powerful inequality, useful to bound
the fluctuations of the spectral norm and that we will use in the proof of the
main result of this chapter.

Theorem 3.7 (Kahane-Khintchine inequality [24]) Consider a family (Xi)
s
i=1 ∈

Rd of fixed vectors and a family (gi)
s
i=1 of i.i.d. standard Gaussian random variables.

Then:

Var (‖∑s
i=1 giXi‖2) ≤ (E‖∑s

i=1 giXi‖2)
2

Remark 3.8 We make the following remark. If W is a centered random vector in
Rd, i.e. EW = 0, then W has joint Gaussian entries ⇐⇒ it can be written as
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3.1. Preliminaries

W = ∑s
i=1 giwi, where s is some positive integer, gi are standard Gaussian random

variables, and wi are fixed vectors.

Therefore, this Remark clarifies that the Kahane-Khintchine inequality holds
for every Gaussian vector, in full generality.

Proof of Kahane-Khintchine inequality

To prove this inequality, we will prove a theorem valid for centered Gaussian
vectors and from which the Kahane-Khintchine inequality will follow.

Theorem 3.9 Let W be a centered Gaussian vector in Rd with covariance matrix
Σ. Let

Jd = 1
2
√

π

∫ ∞
0

1
v3/2

(
1−

(
1 + 2v

d

)−d/2
)

dv

Then:
E (‖W‖2)√
E
(
‖W‖2

2

) ≥ Jd,

where the equality holds if and only if W is isotropic, i.e. Σ is proportional to the
identity matrix Id×d.
Moreover, Jd is an increasing function with d and it increases to 1.

Thanks to this theorem, we can prove the Kahane-Khintchine inequality.
Indeed, in particular, the Theorem affirms that:

E (‖W‖2)√
E
(
‖W‖2

2

) ≥ Jd ≥ J1 =

√
2√
π

This implies the Kahane-Khintchine inequality:

Var (‖W‖2) = E
(
‖W‖2

2

)
−E (‖W‖2)

2 ≤
(

π
2 − 1

)
E (‖W‖2)

2 ≤ E (‖W‖2)
2

Therefore, we will now turn our attention to the proof of Theorem 3.9.

Proof (of Theorem 3.9) First, write Σ = UTDU, where U is orthogonal and
D = diag(D11, . . . , Ddd) is diagonal. Therefore if Z ∼ N (0, Id×d), we have
W ∼ Σ1/2Z ∼ D1/2Z, since Z ∼ UZ due to rotational invariance of the
Gaussian distribution.
Therefore:

‖W‖2
2 ∼ D11z2

1 + . . . + Dddz2
d, (3.1)

where z1, . . . , zd are i.i.d N (0, 1). Thus, this implies that:
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3. Case Study: Gaussian Random Vectors

E
(
‖W‖2

2
)
= ∑d

i=1 Dii = Tr (Σ)

Now, we will try to write in an alternative form the quantity E(‖W‖).
We already know from (3.1) that we can write:

E(‖W‖2) = E
[
(D11z2

1 + . . . + Dddz2
d)

1/2]
Therefore, we will use the following integral representation of the square
root of the positive number x.

Claim 3.10 Given a positive number x. Then:

√
x =

1
2
√

π

∫ ∞

0

1− e−sx

s3/2 ds (3.2)

Observe that the equation is correct for x = 0 and that the derivatives of
both sides coincide, but we will not prove it here. As a consequence of the
claim, we have:

E(‖W‖2) =
1

2
√

π

∫ ∞

0
(1−E(e−s(D11z2

1+...+Dddz2
d))

ds
s3/2

=
1

2
√

π

∫ ∞

0

(
1−

d

∏
i=1

E(e−sDiiz2
i )

)
ds

s3/2

=
1

2
√

π

∫ ∞

0

(
1−

d

∏
i=1

(1 + 2sDii)
−1/2

)
ds

s3/2

By equation (3.1) we can assume, without loss of generality that ∑d
i=1 Dii = 1.

We will make use, also of the elementary inequality:

• for ai > 0, we have: a1 · . . . · ad ≤ ( 1
d (a1 + · · ·+ ad))

d

Then, if we apply this inequality to ai = 1+ 2sDii, together with the assump-
tion ∑d

i=1 Dii = 1 we get:

∏d
i=1(1 + 2sDii) ≤

(
1 + 2s

d

)d

Recall that we wanted to prove that:

Jd ≤
E(‖W‖2)√

E(‖W‖2
2)

= E

(
‖W‖2

(D11 + . . . + Ddd)1/2

)
= E (‖W‖2) ,

therefore we have:
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3.2. Main Result

E(‖W‖2) =
1

2
√

π

∫ ∞

0

(
1−

d

∏
i=1

(1 + 2sDii)
−1/2

)
ds

s3/2

≥ 1
2
√

π

∫ ∞

0

1
v3/2

(
1−

(
1 +

2v
d

)−d/2
)

dv

= Jd

Notice that the equality holds, when, instead of an inequality, we use the
equality: a1 · . . . · ad ≤ ( 1

d (a1 + · · · + ad))
d. Thus, we have equality in the

result of Theorem 3.9 if and only if D11 = . . . = Ddd = 1
d .

Next, we prove that Jd is an increasing function.
Consider the function:

f (x) = 1
2
√

π

∫ ∞
0

(
1−

(
1 + s

x

)−x
)

ds
s3/2 ,

which satisfies f ( d
2 ) = Jd. Observe that, from (Claim 3.10) one has:

limx→∞ f (x) = 1
2
√

π

∫ ∞
0 (1− e−s) ds

s3/2 = 1

Therefore, to show that f is increasing on (0, ∞) we need to show that, for
a fixed s the function x 7→

(
1 + s

x

)−x is decreasing. This is equivalent to
showing that the function x 7→ g(x) = x log

(
1 + s

x

)
is increasing.

This can be verified by computing the first derivative:

g′(x) = log
(
1 + s

x

)
− s

s+x

The sign of g′(x) is the same as the sign of h( s
x ) =

(
1 + s

x

)
log
(
1 + s

x

)
− s

x .
Observe that h(t) = (1 + t) log(1 + t) − t is positive for t > 0, given that
h(0) = 0 and h′(t) = log(1 + t) > 0. This concludes the proof since we

can now say that J1 ≤ Jd ∀ d. We just note that J1 = E (|Z|) =
√

2
π , when

Z ∼ N (0, 1). �

3.2 Main Result

We are now ready to develop the main result that will help us obtain a com-
plete understanding of the structural parameters that control the expected
deviation E‖Σn − Σ‖ in the setting of this chapter.

Theorem 3.11 (Koltchinskii, Lounici [29], [47]) Let X1, . . . , Xn be i. i. d. centered
Gaussian random vectors in Rd with covariance matrix Σ. Let Σn be the sample
covariance matrix. Then:
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3. Case Study: Gaussian Random Vectors

E ‖Σn − Σ‖ � ‖Σ‖
(√

r (Σ)
n

+
r (Σ)

n

)
,

where r (Σ) := Tr(Σ)
‖Σ‖ is the effective rank of Σ.

Remark 3.12 The effective rank of the matrix Σ measures the intrinsic dimension
of the distribution. One has always r (Σ) ≤ rank (Σ) ≤ d and this bound is sharp.
Indeed, if X is an isotropic random vector in Rd, then the covariance matrix is
Σ = I, where I is the identity matrix and r (Σ) = rank (Σ) = d.

3.3 Proof of Main Result

We will first prove the upper bound of Theorem 3.11.

Upper bound

To proceed with the proof of the upper bound for Theorem 3.11, we will use
the random process method (introduced in section 2.4). It would be clear
how to proceed if we had to bound ‖Σn‖, as in our setting ‖Σn‖ = ‖X‖2

n . In
this case, indeed, it would suffice to bound ‖X‖, which is the supremum
of a Gaussian process, using in a straightforward way Slepian’s inequality
or another Gaussian comparison method. Instead, the quantity we need to
bound is ‖Σn−Σ‖ and the previous observation does not apply as this latter
quantity is not the supremum of a centered Gaussian process, but rather of
a squared Gaussian process:

‖Σn − Σ‖ = sup
v∈Bd

2

∣∣∣∣∣ 1n n

∑
k=1

(
〈v, Xk〉2 −E〈v, Xk〉2

)∣∣∣∣∣
To study squared Gaussian processes, we will use the following technique
called decoupling:

Lemma 3.13 (Decoupling, [47]) Let X̃ be an independent copy of X. Then:

E ‖Σn − Σ‖ ≤ 2
n E
∥∥XX̃

∥∥.

Proof (of Lemma 3.13) Recall that we defined Σn = XXT

n . Observe that:

(Σn − Σ) = E
[(

X + X̃
) (

X− X̃
)T | X

]
Using this observation:
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E ‖Σn − Σ‖ = 1
n

E
[∥∥∥E

[(
X + X̃

) (
X− X̃

)T | X
]∥∥∥] by the previous observation

≤ 1
n

E
[
E
(∥∥∥(X + X̃

) (
X− X̃

)T
∥∥∥ | X

)]
Jensen’s inequality

conditionally

≤ 1
n

E

∥∥∥(X + X̃
) (

X− X̃
)T
∥∥∥ by Law of total expectation

To obtain the desired bound, it remains to note that(
X + X̃, X− X̃

)
∼
√

2
(
X, X̃

)
, as X + X̃ and X − X̃ are both normally dis-

tributed centered random vectors, with covariance matrix 2 · Σ, and they are
independent. �

Decoupling allows us to bound ‖Σn − Σ‖ by the supremum of a Gaussian
process. Indeed, by the Lemma, we can replace the square XXT of a Gaus-
sian matrix by the product of the two independent copies XX̃T. This product
is not Gaussian but we can treat it as such if we condition on one of the
copies, e.g. X̃.

In conclusion, we can affirm that
∥∥XX̃

∥∥ is the supremum of a Gaussian
process conditionally on X̃. This will be the key observation leading to
our strategy: use Slepian-Fernique inequality conditionally on X̃ to obtain
interesting bounds. Indeed, one example of such interesting bounds is the
following.

Lemma 3.14 ([47]) Let X1, . . . , Xn be i.i.d. centered Gaussian random vectors in
Rd with covariance matrix Σ. Let Σn be the sample covariance matrix. Then:

E ‖Σn − Σ‖ . E ‖X‖ ·
√

Tr(Σ)
n + ‖Σ‖ ·

√
r(Σ)

n

Observe that Lemma 3.14 is very powerful because it will reduce the prob-
lem of bounding E‖Σn − Σ‖ to the much more straightforward problem of
bounding E‖X‖. As we saw at the beginning of the section, ‖X‖ is the
supremum of a Gaussian process, so it’s possible to obtain a bound of this
quantity from a direct application of the Slepian-Fernique inequality.
Now, we will turn our attention to how to prove Lemma 3.14.

Proof (of Lemma 3.14) We know already, by Lemma 3.13, that:

E ‖Σn − Σ‖ ≤ 2
n E
∥∥XX̃T

∥∥ = 2
n E
[
supv,w∈B Zv,w

]
,

where Zv,w := ∑n
k=1〈v, Xk〉〈w, X̃k〉.

Now, we want to apply Slepian-Fernique inequality, Lemma 3.4, on Zv,w,
conditionally on X̃, so we want to verify that the conditions stated in the
theorem hold. First, we verify that for some other Gaussian process Yv,w:
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E
[
(Zv,w − Zv′,w′)

2 | X̃
]
≤ E

[
(Yv,w −Yv′,w′)

2 | X̃
]

The steps to do so will be, roughly:

1. add and subtract some ”mixed” quantity with v′ and w, then group
the terms to have the square of two quantities inside of the expectation

2. use the elementary inequality: (a + b)2 ≤ 2a2 + 2b2 and then develop
the square of the sum using the assumption EXk = 0

3. use of the trace trick, which consists of seeing the scalar product as the
trace of a matricial product

E
[
(Zv,w − Zv′,w′)

2 | X̃
]
= E

( n

∑
k=1
〈v, Xk〉〈w, X̃k〉 −

n

∑
k=1
〈v′, Xk〉〈w′, X̃k〉

)2

| X̃


= E

[(
n

∑
k=1
〈v, Xk〉〈w, X̃k〉 −

n

∑
k=1
〈v′, Xk〉〈w, X̃k〉

+
n

∑
k=1
〈v′, Xk〉〈w, X̃k〉 −

n

∑
k=1
〈v, Xk〉〈w, X̃k〉

)2

| X̃


= E

( n

∑
k=1
〈v− v′, Xk〉〈w, X̃k〉+

n

∑
k=1
〈v′, Xk〉〈w− w′, X̃k〉

)2

| X̃


≤ 2E

( n

∑
k=1
〈v− v′, Xk〉〈w, X̃k〉

)2

| X̃

 by the elementary inequality:
(a + b)2 ≤ 2a2 + 2b2

+ 2E

( n

∑
k=1
〈v′, Xk〉〈w− w′, X̃k〉

)2

| X̃



Now, recalling the independence assumption of the X′ks and that EXk = 0
and by the elementary equality:

(∑n
k=1 ai)

2 = ∑n
k=1 a2

i + 2 ∑i<j ai · aj

We can continue the verification of the hypothesis to apply Slepian-Fernique
inequality:
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2E

( n

∑
k=1
〈v− v′, Xk〉〈w, X̃k〉

)2

| X̃

+ 2E

( n

∑
k=1
〈v′, Xk〉〈w− w′, X̃k〉

)2

| X̃


= 2E

[(
n

∑
k=1
〈v− v′, Xk〉2〈w, X̃k〉2

)
| X̃

]
+ 2E

[(
n

∑
k=1
〈v′, xk〉2〈w− w′, X̃k〉2

)
| X̃

]

= 2
n

∑
k=1

E
[(
〈v− v′, Xk〉2〈w, X̃k〉2

)
| X̃
]
+ 2

n

∑
k=1

E
[(
〈v′, Xk〉2〈w− w′, X̃k〉2

)
| X̃
]

= 2
n

∑
k=1
〈w, X̃k〉2E

[
Tr
((

v− v′
) (

v− v′
)T XkXT

k

)
| X̃
]

by the trace trick

+ 2
n

∑
k=1
〈w− w′, X̃k〉2E

[
Tr
(

v′v′TXkXT
k

)
| X̃
]

= 2
n

∑
k=1
〈w, X̃k〉2 Tr

((
v− v′

) (
v− v′

)T Σ
)

recall that:
E[XkXT

k ] = Σ

+ 2
n

∑
k=1
〈w− w′, X̃k〉2 Tr

(
vvTΣ

)
= 2〈v− v′, Σ

(
v− v′

)
〉

n

∑
k=1
〈w, X̃k〉2 by the trace trick

+ 2〈v′, Σv′〉
n

∑
k=1
〈w− w′, X̃k〉2

Now, we can take the supremum over v, v′, w, w′ ∈ Bd
2 , obtaining:

E
[
(Zv,w − Zv′,w′)

2 | X̃
]
≤ 2

∥∥X̃
∥∥2
∥∥∥Σ1/2 (v− v′

)∥∥∥2
+ 2 ‖Σ‖

∥∥∥X̃T (w− w′
)∥∥∥2

≤ E
[
(Yv,w −Yv′,w′)

2 | X̃
]

where we defined Yv,w :=
√

2
∥∥X̃
∥∥ 〈v, Σ1/2g〉+ (2‖Σ‖)1/2 〈w, X̃g′〉, with g, g′

two independent standard Gaussian vectors in Rd and Rn, respectively.

Now, we can finally use Slepian-Fernique inequality (conditionally), obtain-
ing:

E
[
supv,w∈B Zv,w | X̃

]
≤ E

[
supv,w∈B Yv,w | X̃

]
.∥∥X̃

∥∥E
∥∥Σ1/2g

∥∥
2 + ‖Σ‖

1/2
E
[∥∥X̃g′

∥∥
2 | X̃

]
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Observe that:
1. E

[∥∥X̃g′
∥∥

2 | X̃
]
= E

[∥∥X̃g′
∥∥2

2 | X̃
]1/2
≤
(
E
[
〈X̃g′, X̃g′〉 | X̃

])1/2

=
(

Tr
(

X̃X̃TEg′g′T
))1/2

=
√

Tr
(
X̃X̃T

)
2. E‖Σ1/2g‖2 = E

[(
‖Σ1/2g‖2

2

)1/2
]
≤
(

E
[
〈Σ1/2g, Σ1/2g〉

])1/2

=
(

Tr
[
ΣEggT

])1/2
=
√

Tr (Σ)
Therefore, we have:

E

[
sup

v,w∈B
Zv,w | X̃

]
≤
∥∥X̃
∥∥√Tr (Σ) + ‖Σ‖1/2

√
Tr
(
X̃X̃T

)
We conclude the proof by taking the expectation with respect to X̃, and
noting that:

• E‖X̃‖ = E‖X‖

• E
[√

Tr
(
X̃X̃T

)]
≤
√

E
[
Tr
(
X̃X̃T

)]
=
√

Tr
(
E
[
X̃X̃T

])
=
√

Tr (n · Σ) =√
n · Tr (Σ)

Finally, we have:

E‖Σn − Σ‖ ≤ 2
n

E

[
sup

v,w∈B
Zv,w

]
.

1
n

E‖X‖
√

Tr (Σ) +
1
n
‖Σ‖1/2

√
n · Tr (Σ)

= E‖X‖
√

Tr (Σ)
n

+ ‖Σ‖
√

r (Σ)
n

This concludes the proof. �

Now that we saw how to reduce the problem of bounding E‖Σn − Σ‖ to
the problem of bounding E‖X‖, let’s see how we can actually bound from
above the latter quantity.

Lemma 3.15 ([47]) Let X1, . . . , Xn be i.i.d. centered Gaussian random vectors in
Rd with covariance matrix Σ. Let Σn be the sample covariance matrix. Then:

E‖X‖ .
√

Tr (Σ) +
√

n · ‖Σ‖

Proof (of Lemma 3.15) As noted above, ‖X‖ is the supremum of a Gaussian
process and, to bound the supremum of Gaussian processes the most used
technique is to apply the Slepian-Fernique inequality.
Note that:
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E
(
〈v, Xw〉 − 〈v′, Xw′〉

)2
= E

(
〈v, Xw〉 − 〈v′, Xw〉+ 〈v′, Xw〉 − 〈v′, Xw′〉

)2

= E
(
〈
(
v− v′

)
, Xw〉+ 〈v′, X

(
w− w′

)
〉
)2

≤ 2E〈
(
v− v′

)
, Xw〉2 + 2E〈v′, X

(
w− w′

)
〉2

= 2E Tr
((

v− v′
) (

v− v′
)T

(Xw) (Xw)T
)

+ 2E Tr
(

v′v′T
(
X
(
w− w′

)) (
X
(
w− w′

))T
)

= 2E Tr
((

v− v′
) (

v− v′
)T XXT‖w‖2

)
+ 2E Tr

(
v′v′TXXT‖w− w′‖2

)
= 2‖Σ1/2 (v− v′

)
‖2

2‖w‖2
2 + 2‖Σ1/2v′‖2‖w− w′‖2

2

= E
(
X′v,w − X′v′,w′

)2

when ‖v‖2, ‖w‖2 ≤ 1, where we defined X′v,w =
√

2〈v, Σ1/2g〉+
√

2‖Σ‖1/2〈w, g′〉,
with g, g′ independent standard gaussians vectors in Rd and Rn, respec-
tively.

Then, it follows, by the Slepian-Fernique inequality:

E‖X‖ = E

[
sup

v,w∈B
〈v, Xw〉

]
≤ E

[
sup

v,w∈B
X′v,w〉

]
. E‖Σ1/2g‖+ ‖Σ‖1/2E‖g′‖

To conclude the proof of the lemma, recall:

• E‖Σ1/2g‖2 ≤
√

Tr (Σ)

• E‖g‖2 ≤
√

n, since g′ is a standard gaussian vector in Rn.

Therefore, we achieve:

E‖X‖ .
√

Tr (Σ) +
√

n · ‖Σ‖,

completing the proof. �

We are now ready to complete the proof of the upper bound for Theorem
3.11.
Indeed, combining the results of Lemma 3.14 and Lemma 3.15, we get:

E‖Σn − Σ‖ . E‖X‖
√

Tr (Σ)
n

+ ‖Σ‖
√

r (Σ)
n

.
(√

Tr (Σ) +
√

n‖Σ‖
) √

Tr (Σ)
n

+ ‖Σ‖
√

r (Σ)
n

Equivalently:

E‖Σn − Σ‖ . ‖Σ‖ r (Σ)
n

+ ‖Σ‖
√

r (Σ)
n
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Lower bound

Now, we will continue the proof of Theorem 3.11 by turning to the lower
bound.
The main idea behind the proof for the lower bound is that the decoupling
inequality of Lemma 3.13 can be partially reversed.

Lemma 3.16 ([47]) Let X̃ be an independent copy of X. Then, for every v ∈ Rd:

E‖ (Σn − Σ) v‖ ≥ 1
n

E‖XX̃Tv‖ − ‖Σv‖√
n

Proof (of Lemma 3.16) In order to prove the lemma, we first verify that
the random matrix defined as X′ :=

(
Id×d − ΣvvT

〈v,Σv〉

)
X is independent of the

random vector XTv.

Claim 3.17 X′ is independent of XTv.

Proof (of Claim 3.17) The random matrix X′ is a matrix in Rd×n, and the
random vector XTv is a vector in Rn. Then, the matrix X′ is independent
of XTv if and only if the vector XTv is independent of the columns of X′.
Our goal is to prove exactly this. We can write the matrix X in terms of its
columns as:

X = [X1, . . . , Xn] = Σ1/2 [g1, . . . , gn] = Σ1/2 · G

where gi are independent vectors in Rd of i.i.d. standard Gaussians. Then,
we can write the vector XTv as:

XTv = GTΣ1/2v = GTw

defining w := Σ1/2v. Then, the matrix X′ can be written as:

X′ = Σ1/2
(

Id×d −
wwT

‖w‖2
2

)
G

Note that since what we care about is independence, we can ”forget” about
the factor Σ1/2. Due to the property that Gaussians continue to be Gaussians
after a change of basis, without loss of generality, we can assume the vector
w to be a vector from the canonical basis {e1, . . . , ed} ∈ Rd, e.g. w = e1. Then,
the vector XTv = GTw = GTe1 = [g(1)1 , g(1)2 , . . . , g(1)n ]T, i.e. the first column
of GT. Let’s consider an arbitrary( una a caso) columns i of the matrix X′,
then this is equal to: X′i = [0, g(2)i , g(3)i , ..., g(d)i ]T. Since the columns of G are
independent and ∼ N (0, Id×d), it’s clear that the vector X′i is independent
of the vector XTv. �

42



3.3. Proof of Main Result

Now that we established the independence between the vector XTv and the
columns of the random matrix X′, we can continue with the proof of the
lemma. Observe that:

(Σn − Σ) v = XXTv
n − Σv = X′XTv

n +
(
〈v,Zv〉
〈v,Σv〉 − 1

)
Σv

Notice that, since the columns of X′ are i.i.d. and independent of the vector
XTv, the pair (X′XTv, XTv) has the same distribution as the pair (X′1‖XTv‖2, XTv),
where X′1 denotes the first column of X′. It follows:

E‖ (Σn − Σ) v‖2 = E

∥∥∥∥X′1‖XTv‖2

n
+

(
〈v, Zv〉
〈v, Σv〉 − 1

)
Σv
∥∥∥∥

2

= EX′

[
E

∥∥∥∥X′1‖XTv‖2

n
+

(
〈v, Zv〉
〈v, Σv〉 − 1

)
Σv
∥∥∥∥

2
| X′

]
≥ EX′

[∥∥∥∥E

(
X′1‖XTv‖2

n
+

(
〈v, Zv〉
〈v, Σv〉 − 1

)
Σv
)
| X′

∥∥∥∥
2

]
= EX′

[∥∥∥∥ 1
n

X′1E
(
‖XTv‖2

)
+ 0
∥∥∥∥

2

]
=

1
n

E‖XTv‖2 · E‖X′1‖2

where we used Jensen’s inequality conditionally on X′.

Now, we can achieve the following lower bound:

E‖X′1‖2 = E

∥∥∥∥X1 −
ΣvvTX1

〈v, Σv〉

∥∥∥∥
2
≥ E‖X1‖2−‖Σv‖2

E|〈v, X1〉|
〈v, Σv〉 ≥ E‖X1‖2−

‖Σv‖2

〈v, Σv〉1/2 ,

where we used:

• E|〈v, X1〉| = E
[(
|〈v, X1〉|2

)1/2
]
= E

[
(〈v, X1〉〈v, X1〉)1/2

]
= E

[(
vTX1XT

1 v
)1/2

]
≤
(
E
[
vTX1XT

1 v
])1/2

=
(
vTΣv

)1/2
= 〈v, Σv〉1/2,

which follows by Jensen’s inequality. Therefore, we have:

E‖ (Σn − Σ) v‖2 ≥
1
n

E‖XTv‖2 · E‖X′1‖2 =
1
n

E‖X̃Tv‖2 · E‖X′1‖2

≥ 1
n

E‖X1‖1 · E‖X̃Tv‖2 −
1
n

E‖XTv‖2
‖Σv‖2

〈v, Σv〉1/2

≥ 1
n

E‖X̃Tv‖2 −
‖Σv‖2√

n
,

where we used that X1‖X̃v‖2 has the same distribution as X‖X̃v‖2 and that
(usual trick):

• E‖XTv‖2 = E
(
‖XTv‖2

2
)1/2 ≤

(
E〈XTv, XTv〉

)1/2
=
(
EvTXXTv〉

)1/2
=(

vTΣ · nv
)1/2

=
√

n〈v, Σv〉1/2
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Therefore, we proved a ”reverse version” of the decoupling Lemma 3.13. �

As a Corollary to Lemma 3.16, we obtain the first term in the lower bound
of Theorem 3.11.

Corollary 3.18 ([47]) Let X1, . . . , Xn be i.i.d. centered Gaussian random vectors
in Rd with covariance matrix Σ. Let Σn be the sample covariance matrix. Then:

E‖Σn − Σ‖ & ‖Σ‖
√

r (Σ)
n

Proof (of Corollary 3.18) From Lemma 3.16, we have, ∀ v ∈ Rd:

E‖ (Σn − Σ) v‖ ≥ 1
n E‖XX̃Tv‖ − ‖Σv‖

n

By taking the supremum over v ∈ B:

E‖Σn − Σ‖+ ‖Σ‖
n
≥ 1

n
sup
v∈B

E‖XX̃Tv‖ = sup
v∈Bd

2

E‖X1‖X̃Tv‖2‖

=
1
n

E‖X1‖2 · sup
v∈Bd

2

E‖X̃Tv‖2

Now, we reduced the problem to find an appropriate lower bound for the
quantities E‖X1‖2 and supv∈Bd

2
E‖X̃Tv‖2. We start with the first one.

Claim 3.19 We have that: E‖X1‖2 &
(
E‖X1‖2

2
)1/2

=
√

Tr (Σ)

Proof (of Claim 3.19) First, note that proving E‖X1‖2 &
(
E‖X1‖2

2
)1/2 is

equivalent to proving that Var(‖X1‖2) . (E‖X1‖2)
2. To show this equivalent

statement, we simply apply the Kahane-Khintchine inequality (Theorem 3.7),
thus achieving:

E‖X1‖2 &
(
E‖X1‖2

2
)1/2

Next, we need to prove that
(
E‖X1‖2

2
)1/2

=
√

Tr (Σ), which is simply a
consequence of the ”trace trick”:

(
E‖X1‖2

2
)1/2

= (E〈X1, X1〉)1/2 =
[
Tr
(
EXT

1 X1
)]1/2

=
√

Tr (Σ) �

Afterwards, we compute an appropriate lower bound for supv∈B E‖X̃Tv‖2.

Claim 3.20 We have that: E‖X̃Tv‖2 & E
[
‖X̃Tv‖2

2
]1/2

=
√

n〈v, Σv〉
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Proof (of Claim 3.20) The proof follows the exact steps we used to prove the
previous claim. �

Therefore, using these two lower bounds, we get:

E‖Σn − Σ‖+ ‖Σ‖√
n
& ‖Σ‖

√
r(Σ)

n

On the other hand, we can estimate by the central limit theorem:

‖Σ‖√
n
. sup

v∈B
E|〈v, (Σn − Σ)v〉| ≤ E‖Σn − Σ‖,

as 〈v, (Σn − Σ)v〉 = 〈v, Σv〉 1
n ∑n

k=1
(
Y2

k − 1
)

with Yk =
〈v,Xk〉
〈v,Σv〉1/2 ∼ N (0, 1).

Therefore, we obtain:

E‖Σn − Σ‖ & E‖Σn − Σ‖+ ‖Σ‖√
n & ‖Σ‖

√
r(Σ)

n ,

thus proving the Corollary. �

Proof of the main result

We can now, finally complete the proof of Theorem 3.11, having developed
all the necessary ingredients to achieve lower and upper bound.
Indeed, the upper bound follows immediately from Lemmas 3.14 and 3.15.
For the lower bound, instead:

• first, suppose that r(Σ) ≤ 2n. Then
√

r(Σ)
n & r(Σ)

n , and the result fol-
lows from Corollary 5.7.

• if r(Σ) > 2n,

E‖Σn − Σ‖ ≥ E‖Σn‖ − ‖Σ‖ ≥
E ‖X1‖2

2
n

− ‖Σ‖ r(Σ)
2n

= ‖Σ‖ r(Σ)
2n

,

where we used that Σn = 1
n ∑n

k=1 XkXT
k ≥

1
n X1XT

1 .
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Chapter 4

Case Study: Isotropic Subgaussian
Random Vectors

4.1 Preliminaries

Note that, from what we defined in Section 2.1, X is a matrix with indepen-
dent columns, but usually not independent entries (unless we sample from
a product distribution).

For simplicity, in order to develop the results of this Chapter, we’ll consider
a model with independent rows, i.e. we’ll consider XT.
Therefore, we will now consider the following general model of random ma-
trices: we assume the independence of the rows. We already established that
such matrices are naturally generated by high dimensional distributions. In
fact, we recall that we can think about it as, given an arbitrary probability
distribution in Rd, the process of taking n independent samples from it and
arranging them as the rows of the matrix X.
In this Chapter, we aim to obtain results of the form of Bai-Yin’s law, Theo-
rem 1.1: √

n− C ·
√

d ≤ smin(X) ≤ smax(X) ≤
√

n + C ·
√

d (4.1)

with high probability. For tall matrices where n � d, both sides of the
inequality would be close to each other, which would guarantee that X acts
as an approximate isometry.

Definition 4.1 A matrix X of dimension n× d is said to be an approximate isome-
try if acts almost like an isometric embedding of `d

2 into `n
2 :

(1− δ)K‖x‖2 ≤ ‖Xx‖2 ≤ (1 + δ)K‖x‖2 ∀ x ∈ Rd,

where K is an appropriate normalization factor and δ � 1. This is equivalent to
saying that all the singular values of X are close to each other:
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4. Case Study: Isotropic Subgaussian Random Vectors

(1− δ)K ≤ sd(X) ≤ s1(X) ≤ (1 + δ)K,

where sd(X) and s1(X) are the smallest and largest singular values of X.

Now, we observe that the normalized matrix 1√
n X is an approximate isome-

try if and only if 1
n XTX is an approximate identity.

Lemma 4.2 (Approximate isometries, [48]) Consider a matrix A ∈ Rn×d that
satisfies ‖AT A− I‖ ≤ max

(
δ, δ2), for some δ > 0. Then:

1− δ ≤ sd(A) ≤ s1(A) ≤ 1 + δ

Conversely, if A satisfies sd(A) ≥ 1− δ and s1(A) ≤ 1 + δ, then ‖AT A− I‖ ≤
3 max

(
δ, δ2).

Proof (of Lemma 4.2) First, we prove the first part of the lemma. Observe
that ‖AT A− I‖ ≤ max

(
δ, δ2) holds if and only if |‖Ax‖2

2 − 1| ≤ max
(
δ, δ2)

∀ x ∈ Sd−1.
Indeed, without loss of generality, we can assume ‖x‖2 = 1. Then, from the
hypothesis: max

(
δ, δ2) ≥ |〈(AT A− I

)
x, x〉| = |‖Ax‖2

2 − 1|. We can apply,
then, the elementary inequality: max

(
|z− 1|, |z− 1|2

)
≤ |z2 − 1| ∀ z ≥ 0.

Take z = ‖Ax‖2 and we get the desired inequality. Indeed:

max
(
δ, δ2) ≥ |‖Ax‖2

2 − 1| ≥ max
(
|‖Ax‖2 − 1|, |‖Ax‖2 − 1|2

)
Then, if the max

(
δ, δ2) is attained for δ, we get:

δ = max
(
δ, δ2) ≥ max

(
|‖Ax‖2 − 1|, |‖Ax‖2 − 1|2

)
≥ |‖Ax‖2 − 1|

Similarly, if the max
(
δ, δ2) is attained for δ2, we get:

δ2 = max
(
δ, δ2) ≥ max

(
|‖Ax‖2 − 1|, |‖Ax‖2 − 1|2

)
≥ |‖Ax‖2 − 1|2

Hence, we get the |‖Ax‖2 − 1‖| ≤ δ. This condition implies, from the defini-
tion of singular values, the desired inequality:

1− δ ≤ sd(A) ≤ s1(A) ≤ 1 + δ

The converse part of the lemma is proved in a similar way by using the
elementary inequality: |z2 − 1| ≤ 3 max

(
|z− 1|, |z− 1|2

)
∀ z ≥ 0. Indeed,

by hypothesis we have: ‖Ax‖2
2 ∈ (1− δ, 1 + δ). Then, since ‖AT A − I‖ =

max |‖Ax‖2
2 − 1|, we get, by choosing z = ‖Ax‖2 and using the elementary

inequality and the bounds on ‖Ax‖2:

|‖Ax‖2
2 − 1| ≤ 3 max

(
|‖Ax‖2 − 1|, |‖Ax‖2 − 1|2

)
≤ 3 max

(
δ, δ2) �

48



4.2. Main Result

4.2 Main Result

The main result of this Chapter is the following.

Theorem 4.3 ([48]) Consider an isotropic subgaussian distribution in Rd. Let
X1, . . . , Xn be independent copies of such distribution, and let Σn be the sample
covariance matrix. Let ε ∈ (0, 1), t ≥ 1. Then, with probability at least 1 −
2 exp(−t2d) one has:

if n ≥ C
( t

ε

)2 d then ‖Σn − I‖ ≤ ε

4.3 The main technical step

The following result goes in the direction of finding a result of the type (4.1),
for random matrices with independent subgaussian rows.

Theorem 4.4 ([48]) Let X be a n× d matrix whose rows Xi are independent sub-
gaussian isotropic random vectors in Rd. Then, for every t ≥ 0, with probability at
least 1− 2 exp(−c · t2), one has:

√
n− C

√
d− t ≤ sd(X) ≤ s1(X) ≤

√
n + C

√
d + t,

where C = CK and c = cK > 0 are two constants depending only on the subgaus-
sian constant K = maxi ‖Xi‖ψ2 of the rows.

Proof (of Theorem 4.4) The proof will show a classical covering argument
and will be articulated in three steps. Since we want control on the smallest
and largest singular values, we need to control ‖Xx‖2 for all vectors x on
the unit sphere Sd−1. To do so, we discretize the sphere using a net N
(approximation step); then we establish a tight control of ‖Xx‖2 for every
fixed vector x ∈ N (concentration step); finally, we finish off by taking a
union bound over all the vectors x ∈ N (union bound step).

1. Approximation step: First, observe that Lemma 4.2 allows us to re-
duce the goal of proving results of the type (4.1) to showing an equiv-
alent bound:

‖ 1
n XTX− I‖ ≤ max

(
δ, δ2) ,

where δ = O
(√

d
n

)
.

Now that we established what is the item we want to prove, since we
want to compute the approximation of the spectral norm on a ε-net of
Sd−1 for some ε ∈ (0, 1), we will use Lemma 2.17.
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4. Case Study: Isotropic Subgaussian Random Vectors

Now, we will apply Lemma 4.2 for the matrix X√
n . Then, we can state

the conclusion of Theorem 4.4 in the equivalent form:∥∥∥∥ 1
n

XTX− I
∥∥∥∥ ≤ max

(
δ, δ2) := ε, (4.2)

where δ = C
√

d
n + t√

n .

Using Lemma 2.17, we can evaluate the operator norm on a 1
4 -net N

of the unit sphere Sd−1:∥∥∥∥ 1
n

XTX− I
∥∥∥∥ ≤ 2 max

x∈N

∣∣∣∣〈( 1
n

XTX− I
)

x, x
〉∣∣∣∣

= 2 max
x∈N

∣∣∣∣ 1n‖Xx‖2
2 − 1

∣∣∣∣
To obtain the desired inequality and complete the proof of the theorem,
if suffices to show that, with the required probability:

maxx∈N
∣∣ 1

n‖Xx‖2
2 − 1

∣∣ ≤ ε
2

We will be able to achieve so in the following steps.

2. Concentration step: Fix a vector x ∈ Sd−1. We can express ‖Xx‖2
2 as a

sum of independent random variables.

‖Xx‖2
2 = ∑n

i=1〈Xi, x〉2 =: ∑n
i=1 Z2

i ,

where we recall that Xi denote the rows of the matrix X. By assump-
tion, Zi := 〈Xi, x〉 are independent subgaussian random variables with
EZ2

i = 1 and ‖Zi‖ψ2 ≤ K. Then, using Remark 2.24 and Lemma 2.30,
we can affirm that Z2

i − 1 are independent centered subexponential
random variables with ‖Z2

i − 1‖ψ1 ≤ ‖Z2
i ‖ψ1 ≤ 4‖Zi‖2

ψ2
≤ 4K2.

Then, to obtain concentration, we will use the exponential deviation in-
equality we obtained in Section 2.6, Theorem 2.32, to control the sum
‖Xx‖2

2 = ∑n
i=1 Z2

i . Then:

P

(∣∣∣∣ 1n‖Xx‖2
2 − 1

∣∣∣∣ ≥ ε

n

)
= P

(∣∣∣∣∣ 1n n

∑
i=1

Z2
i − 1

∣∣∣∣∣ ≥ ε

n

)

≤ 2 exp
(
−c min

(
ε2

(4K2)2 ,
ε

4K2

)
n
)

≤ 2 exp
(
−c min

(
ε2

16K4 ,
ε

16K4

)
n
)

since min
(

x
K2 , y

K

)
≥ min

(
x

K2 , y
K2

)
if K > 1 and exp(−x) is decreasing

≤ 2 exp
(
− c1

K4 min
(
ε2, ε

)
n
)

= 2 exp
(
− c1

K4 δ2n
)

≤ 2 exp
(
− c1

K4

(
C2 · d + t2)) since (a + b)2 ≥ a2 + b2

if a, b > 0
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4.4. Proof of Main Result

where we used that K ≥ ‖Zi‖ψ2 ≥ 1√
2

(
E|Zi|2

)1/2
= 1√

2
, implying

that 4K2 > 1 (the subexponential norm of the centered subexponential
variables Z2

i − 1).

3. Union bound step: Before taking the union bound, we need to bound
the size of the net N . We can use Lemma 2.15.
By this lemma, since we chose in Step 1 a 1

4 -net N , the latter has
cardinality |N | ≤ 9d. Then, taking the union bound over all the vectors
x in the net N , we get:

P

(
max
x∈N

∣∣∣∣ 1n‖Xx‖2
2 − 1

∣∣∣∣ ≥ ε

n

)
≤ 9d · 2 exp

(
− c1

K4

(
C2 · d + t2))

≤ 2 exp
(
− c1t2

K4 ,
)

where the last inequality follows for C = CK sufficiently large, e.g.

C = K2
√

ln 9
c1

. This completes the proof of the theorem, as noted in
Step 1, thanks to Lemma 4.2. �

Remark 4.5 A version of this theorem holds for general, non-isotropic subgaussian
distributions. Indeed, assume that X is a n× d matrix whose rows Xi are indepen-
dent subgaussian random vectors in Rd with covariance matrix Σ. Then, for every
t ≥ 0, the following inequality holds with probability at least 1− 2 exp(−ct2):

‖ 1
n XTX− Σ‖ ≤ max(δ, δ2),

where δ = C
√

d
n + t√

n . Here, again, C = CK, c = cK

4.4 Proof of Main Result

Now that we proved Theorem 4.4, we can obtain as a consequence, the main
result of this Chapter, Theorem 4.3, which gives a bound for the covariance
estimation of subgaussian distributions.

Proof (of Theorem 4.3) It follows from Theorem 4.4 that, for every t ≥ 0,
with probability at least 1− 2 exp

(
−ct2) we have ‖Σn − I‖ ≤ max

(
δ, δ2),

where δ = C
√

d
n + t√

n . The conclusion follows for t = C′t
√

d where C′ = C′K
is sufficiently large. �
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Chapter 5

Case Study: Heavy-tailed Random
Vectors

In this chapter, we describe matrix concentration inequalities that generalize
the classical Bernstein bound. Matrix Bernstein inequalities concern random
matrices formed as a sum of independent random matrices, assumed to be
bounded in the spectral norm. Inequalities of this type are very useful to
study how much a certain random matrix deviates from its mean value in
the spectral norm.
Matrix Bernstein inequality is a powerful tool with a huge number of appli-
cations. In particular, it can be applied to study problems that use random
sampling to approximate a specific matrix. This range of problems applies
to the study of the sample covariance matrix.

In the following, we will study in detail Matrix Bernstein inequality and
see how it can be applied to study the problem of estimation of covariance
matrices that belongs to heavy-tailed distributions.

5.1 Matrix Bernstein Inequality

In the scalar case, Bernstein inequality, in the literature, refers to several con-
centration results. We aim to present the best-known of these results, related
to the deviation of the sum of centered, independent random variables from
their mean, provided that these variables are subject to a uniform bound.

Theorem 5.1 (Bernstein’s Inequality [45]) Let X1, . . . , Xn be independent centered
bounded random variables satisfying |Xi| ≤ a and EX2

i = σ2. Then:

P {|∑n
i=1 Xi| > t} ≤ 1 exp

(
− t2

2nσ2+ 2
3 at

)
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5. Case Study: Heavy-tailed Random Vectors

This inequality shows that ∑n
i=1 Xi concentrates around zero (, i.e. its mean).

Moreover, the tails of ∑n
i=1 Xi make a transition from subgaussian decay at

moderate deviations to subexponential decay at large deviations.
Similarly, a very useful generalization of scalar Bernstein’s inequality exists
for bounding the largest eigenvalue of the sum of independent random ma-
trices.

Theorem 5.2 ([45]) Let {Xi}n
i=1 be a sequence of independent random matrices

with common dimension d1 × d2. Assume that each Xi satisfies:

EXi = 0 and ‖Xi‖2 ≤ L ∀ i

Let Sn = ∑n
i=1 Xi and let v(Sn) be the matrix variance statistic of the sum:

v(Sn) = max
{
‖E(SnST

n )‖, ‖E(ST
n Sn)‖

}
Then:

E‖Sn‖ ≤
√

2v(Sn) log(d1 + d2) +
1
3 L log(d1 + d2)

Furthermore, for all t ≥ 0:

P(‖Sn‖ ≥ t) ≤ (d1 + d2) exp
(
− t2/2

v(Z)+L t
3

)
Observe that, comparing this result with the scalar one of Theorem 5.1, the
reader will notice an extra-dimensional factor due to the ambient dimension
d1 + d2. The expectation bound shows that E‖Sn‖ is on the same scale as√

v(Sn), the root of the matrix variance statistic and the upper bound L for
the summands. Also, notice that, when the summands Xi are symmetric,
the two terms in the maximum of the definition of v(Sn) coincide.
Let’s interpret the probability bound. Indeed, similarly to the scalar case, it
is worth studying the deviation of the tails of Sn. Indeed, the concentration
inequality can also be rewritten as:

P(‖Sn‖ ≥ t) ≤
{

(d1 + d2) · e−
3t2

8v(Sn) if t ≤ v(Sn)
L ,

(d1 + d2) · e−
3t
8L if t ≥ v(Sn)

L

This means that:

• for moderate values of t, the tail probability decays as fast as the tail of
a Gaussian random variable whose variance is comparable with v(Sn)

• for larger values of t, the tail probability decays at least as fast as that
of an exponential random variable whose mean is comparable with L
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5.2. Main Result

Of course, matrix Bernstein’s inequality can be extended to the case of the
sum of uncentered random matrices. This formulation describes the spectral
norm deviation of the sum from its mean value. The following corollary
represents this situation and it is an immediate consequence of Theorem 5.2

Corollary 5.3 ([45]) Let {Xi}n
i=1 be a sequence of independent random matrices

with common dimension d1 × d2. Assume that each Xi has uniformly bounded
deviation from its mean:

‖Xi −EXi‖2 ≤ L ∀ i

Let Sn = ∑n
i=1 Xi and let v(Sn) be the matrix variance statistic of the sum:

v(Sn) = max
{
‖E(Sn −ESn)(Sn −ESn)

T‖, ‖E(Sn −ESn)
T(Sn −ESn)‖

}
Then:

E‖Sn −ESn‖ ≤
√

2v(Sn) log(d1 + d2) +
1
3 L log(d1 + d2)

Furthermore, for all t ≥ 0:

P(‖Sn −ESn‖ ≥ t) ≤ (d1 + d2) exp
(
− t2/2

v(Z)+L t
3

)
5.2 Main Result

We want to apply Theorem 5.2 to measure how well the sample covariance
estimator approximates the true covariance matrix. Indeed, suppose we
have access to n independent samples X1, . . . , Xn, each of them distributed
as the random vector X ∈ Rd. Recall that the sample covariance estimator
Zn is defined as the random matrix:

Σn = 1
n ∑i XiXT

i

The random matrix Σn is an unbiased estimator for the true covariance ma-
trix: EΣn = Σ.
Moreover, we just saw that the sample covariance matrix estimator can be
expressed as a sum of independent random matrices XiXT

i . This is precisely
the type of decomposition that allows us to use tools like matrix Bernstein’s
inequality. With this concentration inequality, we want to study how the
spectral norm distance ‖Σn − Σ‖ between the sample covariance and the
true covariance depends on the number n of samples.
For simplicity, assume that the `2 norm of the random vectors Xi is bounded:
‖Xi‖2

2 ≤ B ∀ i. We define with Y the random deviation of the estimator Σn
from the true covariance matrix Σ:
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5. Case Study: Heavy-tailed Random Vectors

Y = Σn − Σ = ∑i Si where Si =
1
n

(
XiXT

i − Σ
)
∀ i

The random matrices Si are independent identically distributed and cen-
tered. To apply Bernstein’s inequality, we need to find a uniform bound
L for the summands, and we need to control the matrix variance statistic
v(Y).
First, then, we develop the uniform bound on the spectral norm of each
summand:

‖Si‖ =
1
n

∥∥∥(XiXT
i − Σ

)∥∥∥
≤ 1

n
‖XiXT

i ‖ − ‖Σ‖
by the triangle

inequality

≤ 2B
n

since ‖Xi‖2
2 ≤ B ∀ i: ‖XiXT

i ‖ = ‖Xi‖2
2 ≤ B

and ‖Σ‖ = ‖E(XiXT
i )‖ ≤ E‖XiXT

i ‖ ≤ B

Now, we need to assure that the matrix variance statistic v(Y) is properly
defined:

v(Y) = ‖EY2‖ = ‖E (Σn − Σ)T (Σn − Σ) ‖ = ‖∑n
i=1 E S2

i ‖

By direct calculation, we determine the variance of each of the summands
above:

E S2
i =

1
n2 E

(
XiXT

i − Σ
)2

=
1
n2 E

(
‖Xi‖2

2XiXT
i − (XiXT

i )Σ− Σ(XiXT
i ) + Σ2

)
� 1

n2

(
E(XiXT

i ) · B−E(XiXT
i ) · Σ− Σ ·E(XiXT

i ) + Σ2
)

since ‖Xi‖2
2 ≤ B

=
1
n2

(
B · Σ− Σ2) � B

n2 Σ since E(XiXT
i ) = Σ

Then, we can sum the relation over i, obtaining:

0 � ∑n
i=1 ES2

i �
B
n · Σ

Finally, we can apply the spectral norm to the last expression, evaluating the
matrix variance statistic v(Y):

v(Y) = ‖∑n
i=1 ES2

i ‖ ≤
B
n · ‖Σ‖
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Now, we have now verified all the hypotheses necessary to analyze the sam-
ple covariance estimator with matrix Bernstein inequality.

Theorem 5.4 ([45]) Let {Xi}n
i=1 be a sequence of independent copies of the centered

random vector X ∈ Rd, with covariance EXiXT
i = Σ. Assume that each Xi

satisfies:

‖Xi‖2
2 ≤ B ∀ i

Let Σn = 1
n ∑i XiXT

i be the sample covariance estimator. Then:

E‖Σn − Σ‖ ≤
√

2B‖Σ‖ log(2d)
n

+
2B log(2d)

3n

Proof (of Theorem 5.4) Using the analysis we did previously, we can ap-
ply Bernstein’s inequality, Theorem 5.2, in particular, the expectation bound,
with the uniform bound L = 2B

n and the variance bound v(Y) ≤ B‖Σ‖
n , ob-

taining the claimed result. �

Observe that this means that the error in approximating the sample covari-
ance matrix is not too large when we have a sufficient number of samples.
If we wish to obtain a relative error of the order of a fixed ε > 0, we may
take: n ≥ 2B log(2d)

ε2‖Σ‖ , which yields the result:

E‖Σn − Σ‖ ≤ (ε + ε2)‖Σ‖

It is often the case that B = C · d, where C is an absolute constant, so we dis-
cover that n = C · ε−2d log d samples are sufficient for the sample covariance
estimator to provide a ε-accurate estimate of the true covariance matrix Σ.
This bound is qualitatively sharp for worst-case distributions.

Example 5.5 (Good example) We saw in the previous chapters (and we will see
also in the following ones) that there are several examples where the logarithmic
oversampling is not needed.
For instance, consider a standard Gaussian vector X ∼ N (0, I). For any fixed
direction u ∈ Sd−1, we have 〈u, X〉 ∼ N (0, 1).
Therefore, for independent copies X1, . . . , Xn:

uTΣnu = 1
n ∑n

i=1〈u, Xi〉2 ∼ χ2(n)

Using Proposition 2.19, we get:

P
(∣∣ 1

n ∑n
i=1〈u, Xi〉2 − 1

∣∣ > ε
)
≤ exp

(
−nε2)
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5. Case Study: Heavy-tailed Random Vectors

Taking n ≥ d
ε2 , we get a ε-approximation of the covariance matrix with high proba-

bility.

Example 5.6 (Worst-case example) Consider a coordinate random vector X, which
is uniformly distributed in the set {

√
dei}d

i=1, where {ei}d
i=1 is the canonical basis

of Rd. Equivalently, X =
√

dei with probability 1
d .

It follows that X is an isotropic random vector in Rd:

EXXT = 1
d ∑n

i=1 deieT
i = I

Now, consider n copies of the random vector X and arrange them as the rows of
a n × d matrix X. Observe that, in order that sd(X) > 0 there must be no zero
columns in X. Equivalently, this means that each coordinate vector {ei}d

i=1 must be
picked at least once in n independent trials.
Therefore, we look at the following scenario. We want to collect d different coordi-
nates, and in each sample, we pick one uniformly at random. Let N be the random
variable that counts the number of samples we need. We first compute EN. Let
Ni be the number of coordinates we samples while we already picked exactly i− 1
different coordinates. Then: N = ∑d

i=1 Ni. Observe that the probability of seeing a
new coordinate is exactly:

pi = 1− i−1
d = d−i+1

d

We will keep sampling until we have indeed picked one of the remaining d− i + 1
coordinates that we have not seen yet. This is a geometric distribution with success
probability pi. Therefore: ENi =

1
pi
= d

d−i+1 . Thus, by the linearity of expectation:

EN = ∑d
i=1 ENi = ∑d

i=1
d

d−i+1 = d ·∑d
i=1

1
i

It is well known that the harmonic number ∑d
i=1

1
i satisfies:

∑d
i=1

1
i = log d +O(d).

Therefore, we expect to have picked all d different coordinates after about d log d
steps. By Markov’s inequality, we get this result also in high probability.

Therefore, one must take at least n ≥ Cd log d samples to obtain a nontrivial
covariance approximation for the random vector X, proving that the logarithmic
oversampling log d is needed for some worst-case distributions.

5.3 Proof of Matrix Bernstein Inequality

In this section, we will prove matrix Bernstein inequality, Theorem 5.2. The
statement will follow from a more general matrix concentration inequality
for a sum of symmetric, bounded random matrices.
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Theorem 5.7 (Matrix Bernstein: Symmetric Case, [45]) Let {Xi}n
i=1 be a sequence

of independent random symmetric d× d matrices. Assume that each Xi satisfies:

EXi = 0 and ‖Xi‖ = s1(Xi) ≤ L ∀ i

Let Sn = ∑n
i=1 Xi and let v(Sn) be the matrix variance statistic of the sum:

v(Sn) = ‖ES2
n‖ =

∥∥∥∥∥ n

∑
i=1

EX2
i

∥∥∥∥∥
Then:

Es1(Sn) ≤
√

2v(Sn) log d + 1
3 L log d

Furthermore, for all t ≥ 0:

P(s1(Sn) ≥ t) ≤ d exp
(
− t2/2

v(Z)+L t
3

)

Observe that Theorem 5.7 also yields information about the minimum eigen-
value of the sum of independent random symmetric d× d matrices. Indeed,
suppose that each of the matrices that compose the sum satisfies:

EXi = 0 and sd(Xi) ≥ −L′ ∀ i

Consequently, we can apply Theorem 5.7 to (−Sn), obtaining:

Esd(Sn) ≥ −
√

2v(Sn) log d− 1
3 L′ log d

and, for all t ≥ 0:

P(sd(Sn) ≤ −t) ≤ d exp
(
− t2/2

v(Z)+L′ t
3

)

One of the biggest challenges in establishing Matrix Bernstein Inequality is
to find appropriate bounds for the matrix (MGF) and (CGF) of a matrix that
satisfies the hypothesis of Theorem 5.7.
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Bounds for matrix (MGF) and (CGF)

We will start, then, with a lemma that serves the purpose of finding an
estimate for matrix (MGF) and (CGF).

Lemma 5.8 ([45]) Suppose X is a random symmetric matrix that satisfies:

EX = 0 and ‖X‖ = s1(X) ≤ L

Then, for 0 < λ < 3
L :

EeλX � exp
(

λ2/2
1− λL

3
·EX2

)
and log EeλX � λ2/2

1− λL
3
·EX2

Proof (of Lemma 5.8) Let’s fix λ > 0. Then:

eλX = I + λX +
(

eλX − λX− I
)
= I + λX + X · f (X) · X (5.1)

, where f (x) = eλx−λx−1
x2 for x 6= 0 and f (0) = λ2

2 .
Observe that the function f is increasing, as it can be verified by computing
its derivative and discovering that it’s positive. Therefore: f (x) ≤ f (L)
when x ≤ L. By assumption, the eigenvalues of the random matrix X don’t
exceed L, so, in the interval [0, L] by the Transfer Rule (Proposition 5.10):

f (X) � f (L)· (5.2)

Now, the Conjugation rule (Proposition 5.9), allows us to introduce the rela-
tion 5.2 into the expansion 5.1 we found above:

eλX � I + λX + X · ( f (L) · I) · X = I + λX + f (L) · X2

To obtain the desired result, though, we need to develop a further estimate
for f (L) and we do so using an application of the Taylor series:

f (L) =
eλL − λL− 1

L2 =
1
L2

∞

∑
k=2

(λL)k

k!
=

1
L2

∞

∑
k=2

λ2L2
(λL)k−2

k!

� λ2

2

∞

∑
k=2

(λL)k−2

3k−2 since k! ≥ 2 · 3k−2 ∀ k = 2, 3, 4, . . .

=
λ2/2

1− λL
3

To complete the proof of the (MGF) bound, by combining the last expres-
sions:
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5.3. Proof of Matrix Bernstein Inequality

eλX � I + λX + λ2/2
1− λL

3
· X2

Therefore, since expectation preserves the semidefinite order:

EeλX � I +
λ2/2

1− λL
3

·EX2 since EX = 0

� exp

(
λ2/2

1− λL
3

·EX2

)
by applying Proposition 5.10

to the equality: 1 + θ ≤ eθ ∀ θ ∈ R

In this way, we proved the matrix (MGF) bound.
To conclude also with the semidefinite bound the matrix (CGF), we extract
the logarithm of the (MGF), recalling the fact that the matrix logarithm pre-
serves the semidefinite order, i.e. :

for positive definite matrices A and B with the same dimensions:
if A � B =⇒ log A � log B

This concludes the proof of Lemma 5.8. �

Proof of Matrix Bernstein in the Symmetric case

With Lemma 5.8, we are now ready to establish the Matrix Bernstein inequal-
ity for random symmetric matrices.

Proof (of Theorem 5.7) Consider a sequence {Xi}n
i=1 of independent ran-

dom symmetric d× d matrices. Each of the Xi satisfies:

EXi = 0 and ‖Xi‖ = s1(Xi) ≤ L ∀ i

By Lemma 5.8 we get:

log EeλXi ≤ λ2/2
1− λL

3
·EX2

i ∀ 0 < λ ≤ 3
L

Let Sn = ∑i Xi. First, we prove the bound in expectation from Theorem 5.7.
We use the bound for sums of independent random matrices we stated in
Theorem 5.20, obtaining:
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Es1(Sn) ≤ inf
λ>0

1
λ

log Tr

(
exp

(
∑

i
log EeλXi

))

≤ inf
0<λ< 3

L

1
λ

log Tr

(
exp

(
λ2/2

1− λL
3

∑
i

EX2
i

))
from the above bound

obtained from Lemma 5.8

= inf
0<λ< 3

L

1
λ

log Tr

(
exp

(
λ2/2

1− λL
3

ES2
n

))

≤ inf
0<λ< 3

L

1
λ

log

[
d · s1

(
exp

(
λ2/2

1− λL
3

ES2
n

))]
by the inequality:

∑d
i=1 ai ≤ d ·maxi ai for ai > 0

= inf
0<λ< 3

L

1
λ

log

[
d · exp

(
λ2/2

1− λL
3

· s1
(
ES2

n
))]

= inf
0<λ< 3

L

1
λ

log

[
d · exp

(
λ2/2

1− λL
3

· v(Sn)

)]
from the definition

of v(Sn)

= inf
0<λ< 3

L

[
log d

λ
+

λ2/2
1− λL

3

· v(Sn)

]

Finally, we find the infimum over 0 < λ < 3
L to complete. The optimal

argument is:

λ =
6L log d+9

√
2v(Sn) log d

2L2t+9(Sn)+6L
√

2(Sn) log d

Next, we develop the tail bound for s1(Sn). We use again the bound for
sums of independent random matrices we stated in Theorem 5.20, this time
the one in probability, obtaining:

P (s1(Sn) ≥ t) ≤ inf
λ>0

e−λt Tr exp

(
∑

i
log EeλXi

)

≤ inf
0<λ< 3

L

e−λt Tr exp

(
λ2/2

1− λL
3

∑
i

EX2
i

)

≤ inf
0<λ< 3

L

d · e−λt exp

(
λ2/2

1− λL
3

· v(Sn)

)

Then we compute the infimum over 0 < λ < 3
L and with the choice λ =

t
v(Y)+Lt/3 , we get the desired bound. �
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Now that we have proved Matrix Bernstein for the symmetric case, we are
able to prove the general case of Theorem 5.2. We derive Theorem 5.2 from
Theorem 5.7 by applying the latter to the Hermitian dilation (Definition 2.16)
of a sum of general rectangular matrices.

Proof (of Theorem 5.2) Consider the sequence {Xi}n
i=1 of independent ran-

dom matrices with common dimension d1 × d2. Assume that each Xi satis-
fies:

EXi = 0 and ‖Xi‖ ≤ L ∀ i

We define two random matrices:

• Sn = ∑i Xi

• S̃n = ∑i X̃i, where X̃i is the Hermitian dilation of Xi

Now, recall from Definition 2.16 that:

‖Sn‖ = s1(S̃n)

Also, the variance statistic of a dilation coincides with the one of the original
random matrix. Indeed:

Var(S̃n) = E

[
0 (Sn −ESn)

(Sn −EST
n ) 0

]2

= E

[
(Sn −ESn)(Sn −ESn)T 0

0 (Sn −ESn)T(Sn −ESn)

]
=

[
E(Sn −ESn)(Sn −ESn)T 0

0 E(Sn −ESn)T(Sn −ESn)

]

Therefore, using the definition of the matrix variance statistics:

v(S̃n) = ‖Var(S̃n)‖

= max
{∥∥∥E(Sn −ESn)(Sn −ESn)

T
∥∥∥ ,
∥∥∥E(Sn −ESn)

T(Sn −ESn)
∥∥∥}

= v(Sn)

Therefore, we just apply Thereom 5.7 to obtain Theorem 5.2. �
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5.4 Appendix of this Chapter

We will state the following simple fact: the semidefinite order is preserved
by conjugation.

Proposition 5.9 (Conjugation Rule, [45]) Let A and B be symmetric matrices of
the same dimensions. Let C be a general matrix with compatible dimensions. Then:

if A � B =⇒ CACT � CBCT

Proposition 5.10 (Transfer Rule, [45]) Let f , g be real-valued functions defined
on an interval I of the real line. Let A be a symmetric matrix whose eigenvalues are
contained in the interval I. Then:

if f (a) ≤ g(a) ∀ a ∈ I =⇒ f (A) � g(A)

Proof (of Proposition 5.10) Since A, by assumption, is a symmetric matrix
we can use the spectral decomposition A = QΛQT, where Q is an orthogo-
nal matrix and Λ is a matrix with non-negative entries on its diagonal and
otherwise zero entries. Then, since by assumption f (a) ≤ g(a) ∀ a ∈ I and
all the eigenvalues of A are contained in the interval I, it follows:

f (Λ) � g(Λ)

Finally, we can use the Conjugation rule from Proposition 5.9 to conjugate
this relation also by Q. �

Subadditivity of matrix (MGF)

First, we want to develop a bound for the (MGF) and (CGF) of a sum of
independent random matrices using information about the summands. For
this, we need to state a result of Elliott Lieb on the convexity properties
of the trace exponential function. The proof of Lieb’s Theorem depends
on the properties of a bivariate function called the matrix relative entropy,
which finds a lot of use in subjects such as quantum statistical mechanics
and quantum information theory.

Definition 5.11 (Matrix Relative Entropy) Let A and B be positive definite matri-
ces of the same dimensions. The entropy of A relative to B is given by:

H(A, B) = Tr [A(log A− log B)− (A− B)]

One can think of the relative entropy as a measure of the difference between
the matrix A and the matrix B. We will need two facts about Matrix Relative
Entropy. First, we will prove that Matrix Relative Entropy is Nonnegative.
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Proposition 5.12 ([45]) For positive definite matrices A and B of the same dimen-
sions, the matrix relative entropy H(A, B) ≥ 0.

Proof (of Proposition 5.12) To prove that Matrix Relative Entropy is Nonneg-
ative, we first need a Trace Inequality, called Generalized Klein Inequality.

Lemma 5.13 ([45]) (Generalized Klein Inequality) Let fi : I 7→ R and gi : I 7→ R

be functions defined on an interval I of the real line, and suppose:

∑i fi(x)gi(y) ≥ 0 for all x, y ∈ I

If A and B are symmetric matrices whose eigenvalues are contained in I, then:

∑i Tr [ fi(A)gi(B)] ≥ 0

Proof (of Lemma 5.13) Consider the singular value (eigenvalue in this case)
decompositions of the two symmetric matrices A and B:

A = UAΣAUT
A = ∑j λkukuT

k and H = VBΣBVT
B = ∑k µkvkvT

k ,

where λ1 ≥ λ2 ≥ . . . ≥ λd and µ1 ≥ µ2 ≥ . . . ≥ µd the eigenvalues of the
matrices A and B, and uk, vk are the corresponding eigenvectors. Then:

∑
i

Tr [ fi(A)gi(B)] = ∑
i

Tr

[(
∑

k
fi (λk) ukuT

k

)(
∑

j
gi
(
µj
)

vkvT
k

)]

= ∑
k,j

[
∑

i
fi (λk) gi

(
µj
)]
·
∣∣〈uk, vj

〉∣∣2 ≥ 0 by linearity of
the trace

Then, the inequality follows from the assumption of non-negativity on the
scalar functions. �

Finally, using the generalized Klein inequality, we can conclude the proof of
Proposition 5.12.

Indeed, suppose that f : R++ 7→ R is a differentiable, convex function on
the positive real line. By the definition of convexity:

f (x) ≥ f (x) + f ′(b)(x− y) for x and y > 0

Using the generalized Klein inequality, Lemma 5.13, we can extend this rela-
tionship to matrices:

Tr f (A) ≥ Tr [ f (B) + f ′(B)(A− B)]
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for all positive definite A and B. We apply this last inequality to the function
f (x) = x log x− x, and rearrange the terms to obtain:

H(A, B) = Tr[A(log A− log B)− (A− B)] ≥ 0

for all positive definite A and B. Therefore, we proved that the matrix rela-
tive entropy is nonnegative. �

The next fact we need about Matrix Relative Entropy is that Matrix Relative
Entropy is Convex.

Theorem 5.14 ([45]) Let A and B be positive definite matrices of the same dimen-
sions. The map (A, B) 7→ H(A, B) is convex. This means that, for positive definite
matrices A1, A2 and B1, B2 of the same dimensions, we have, for λ ∈ [0, 1]:

H(λA1 + (1− λ)A2, λB1 + (1− λ)B2) ≤ λH(A1, B1) + (1− λ)H(A2, B2)

The proof of this theorem is intricate and requires substantial space to fully
explain. To maintain the flow of our exposition, we refer interested readers
to the source [45] for a detailed proof.

We also require a basic fact from convex analysis which states that partial
maximization of a concave function produces a concave function. We in-
clude a simple proof of the fact.

Claim 5.15 Let f be a concave function of two variables. Then the function y 7→
supx f (x, y) obtained by partial maximization is concave.

Proof (of Claim 5.15) Fix ε > 0. For each pair of points y1 and y2, there are
points x1 and x2 that satisfy:

f (x1; y1) ≥ supx f (x; y1)− ε and f (x2; y2) ≥ supx f (x; y2)− ε.

For each λ ∈ [0, 1], the concavity of f implies that:

sup
x

f (x, λy1 + (1− λ)y2) ≥ f (λx1 + (1− λ)x2, λy1 + (1− λ)y2)

≥ λ · f (x1; y1) + (1− λ) · f (x2; y2)

≥ λ · sup
x

f (x; y1) + (1− λ) · sup
x

f (x; y2)− ε.

Then, take the limit as ε → 0 to see that the partial supremum is a concave
function of y. �

We also state a result regarding the variational representation of the trace,
which remarks the fact that matrix relative entropy is nonnegative.
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Lemma 5.16 Let A be a positive definite matrix. Then:

Tr(N) = supM�0 Tr(M log N −M log M + M)

Proof (of Lemma 5.16) By Proposition 5.12, Matrix Relative Entropy is non-
negative, therefore H(N, M) ≥ 0. We rearrange all the terms to obtain:

Tr(N) ≥ Tr(M log N −M log M + M)

Finally, observe that when M = N both sides are equal, which yields the
equality we wanted to prove. �

With the recently established and demonstrated results regarding Matrix
Relative Entropy, we can now delve into Lieb’s theorem. This theorem
describes a new type of phenomenon that emerges in the matrix realm
and it’s analogous to what happens in the scalar case, where the function
a 7→ exp(b + log a) ∀ a, b > 0 is linear.

Theorem 5.17 (Lieb [32]) Let A be a symmetric d× d matrix. Then, the function:

B 7→ Tr exp(A + log B)

is a concave map on the convex cone of d× d positive definite matrices.

Proof (of Theorem 5.17) Use Lemma 5.16 with N = exp(B + log A), obtain-
ing:

Tr(B + log A) = supM�0 Tr(M(B + log A)−M log M + M)

We can rewrite the last expression using the Matrix Relative Entropy:

Tr(B + log A) = supM�0 Tr(MB) + Tr(A)− H(T, A)

Thanks to Theorem 5.14, for each symmetric matrix B the function of which
we are taking the supremum on the right-hand side is a concave function
of (T, A). Therefore, observe that the right-hand side is just the partial
maximum of a concave function. Claim 5.15, then, implies that the right-
hand side defines a concave function of A. This observation establishes the
theorem. �

We can also formulate Lieb’s Theorem, Theorem 5.14, in probabilistic terms.

Corollary 5.18 Let A be a fixed symmetric matrix, and let X be a random symmet-
ric matrix of the same dimension. Then:
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E Tr exp(A + X) ≤ Tr
(
exp(A + log EeX)

)
Proof (of Corollary 5.18) Let Y be the random matrix defined by: Y = eX.
Then:

E Tr(exp(A + X)) = E Tr(exp(A + log Y))

≤ Tr(exp(A + log EY))
by applying Jensen’s inequality,

since by Theorem 5.17
the trace function is concave in Y

= Tr(exp(A + log EeX))
�

We are now prepared to state the rule addition for matrix (CGF).

Lemma 5.19 Consider a sequence {Xi}n
i=1 of independent symmetric d× d matri-

ces. Then:

E Tr(exp(∑i θXi)) ≤ Tr(exp(∑i log EeθXi)) for θ ∈ R

This is equivalent to state that matrix (CGF) satisfies subadditivity:

Tr(exp(log Eeθ ∑i Xi)) ≤ Tr(exp(∑i log EeθXi)) for θ ∈ R

Proof (of Lemma 5.19) Without loss of generality, we may assume that θ = 1.
We compute:

E Tr(exp(
n

∑
i=1

Xi)) = EEXn Tr(exp(
n−1

∑
i=1

Xi + Xn))

≤ E Tr(exp(
n−1

∑
i=1

Xi + log EXn eXn)) by Corollary 5.18

= EEXn−1 Tr(exp(
n−2

∑
i=1

Xi + Xn−1 + log EXn eXn))

≤ . . . ≤ Tr(exp(
n

∑
i=1

log EXi e
Xi)

Therefore, we proved the first of the two results. Also, the second formula-
tion, showing the subadditivity of matrix (CGF), follows from the first one,
after some algebraic simplifications. �
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Bounds for Sums of Independent Random Matrices

Now, we present some general results on the behavior of a sum of indepen-
dent random matrices.

Theorem 5.20 ([45]) Consider a sequence {X i}n
i= of independent random symmet-

ric d× d matrices. Then:

E s1 (∑i Xi) ≤ infλ>0
1
λ log

[
Tr exp

(
∑i log EeλXi

)]
and

E sd (∑i Xi) ≥ supλ<0
1
λ log

[
Tr exp

(
∑i log EeλXk

)]
Furthermore, for all t ∈ R:

P {s1 (∑i Xi) ≥ t} ≤ infλ>0 e−λt Tr exp
(
∑i log EeλXi

)
and

P {sd (∑i Xi) ≤ t} ≤ infλ<0 e−λt Tr exp
(
∑i log EeλXi

)
Proof (of Theorem 5.20) To prove this result, it is sufficient to substitute
the subadditivity rule we stated in Lemma 5.19, into the bounds for the ex-
treme eigenvalues of a random matrix, obtained using the Laplace transform
method in Proposition 2.9 and Proposition 2.10. �
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Chapter 6

Case Study: Isotropic Random Vectors
sampled from a convex body

In this chapter, we will show that ∀ ε > 0, only C(ε)d = O(d) sample points
are enough to approximate the true covariance matrix of a distribution sam-
pled from an unconditional convex body in Rd with ε precision. To prove
the result, we will introduce and use some results from convex bodies, and
we will use the moment method introduced in Section 2.2.

6.1 Preliminaries

First, we introduce some notation to define convex bodies and their proper-
ties.

Isotropic convex bodies are fascinating mathematical objects that arise in the
field of convex geometry. They possess remarkable properties and exhibit a
symmetrical behavior that makes them particularly useful in various areas
of mathematics, including optimization, and probability theory.

In recent years, isotropic convex bodies have gained significant attention in
the field of random matrix theory. The study of isotropic convex bodies in
this context provides insights into the behavior of random matrices. It has
led to remarkable results in the estimation of covariance matrices.

We can introduce convex bodies now.

Definition 6.1 We say that a subset A of Rd is convex if (1− λ)x + λy ∈ A for
any x, y ∈ A and any λ ∈ [0, 1]

Definition 6.2 A convex body is a convex compact subset of Rd with non-empty
interior.

Let X be a Rd-valued random vector. In particular, we will consider the case
when X is uniformly distributed on a convex body K. Then, the properties of
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the random vector X will be reflected on the convex body K. By saying things
like ”K has the property z” we will mean that a random vector sampled from
the uniform distribution on K has the property z.

Definition 6.3 A convex body K ⊂ Rd is centered if it satisfies EX = 0

Definition 6.4 K is said to be isotropic if it is centered and: EXXT = Id×d. Equiv-
alently, ∀ y ∈ Rd: E〈X, y〉2 = ‖y‖2.
If K is in isotropic position, then for all θ ∈ Sd−1, we have:

E〈X, θ〉2 = L2
K

The constant LK is called the isotropic constant of K.

Definition 6.5 A convex body K is called symmetric if x ∈ K =⇒ −x ∈ K

Definition 6.6 A convex body K is said to be unconditional if it is invariant under
sign flips of the coordinates:

∀ η = (η1, . . . , ηd) ∈ {−1, 1}d :
X = (x1, . . . , xd) ∈ K ⇐⇒ (η1x1, . . . , ηdxd) ∈ K

Observe that an unconditional convex body can be, equivalently, identified
by the fact that:

If x = (x1, . . . , xd) ∈ K, then the entire rectangle ∏d
i=1 [−|xi|, |xi|] is

contained in K.

One can prove that for an unconditional isotropic body K and X = (x1, . . . , xd)
sampled from it, the following property hold:

• E
[

x2
j

]
= L2

k ∀ j = 1, . . . , d

Definition 6.7 We define the normalized part of a convex body K+ := 2K ∩Rd
+.

In other words:

If x = (x1, . . . , xd) is uniformly distributed in K, then (2|x1|, . . . , 2|xd|) is
uniformly distributed in K+.

One can check that K+ has the following properties:

1. if x = (x1, . . . , xd) ∈ K+ and 0 ≤ yj ≤ xj ∀ 1 ≤ j ≤ d then y =
(y1, . . . , yd) ∈ K+

2. E
[

x2
j

]
= 4L2

k ∀ j = 1, . . . , d if X = (x1, . . . , xd) is a random vector

sampled from K+
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These definitions will become useful in the remaining part of the chapter.

We will state, now, some background material from classical convexity.

We define two important operations:

• The Minkowski sum of two sets A, B ⊂ Rd is defined by A + B :=
{a + b : a ∈ A, b ∈ B}

• for every λ ∈ R we set λA := {λa : a ∈ A}

Note that both operations preserve convexity. The Brunn-Minkowski in-
equality describes the effect of Minkowski’s addition to volume.

Theorem 6.8 (Brunn-Minkowski [41]) If A and B are two non-empty compact
subsets of Rd, then:

|A + B|1/d ≥ |A|1/d + |B|1/d

This theorem expresses the fact that volume is a concave function with re-
spect to Minkowski’s addition. For this reason, we also write it in the fol-
lowing form:

If A and B are non-empty compact subsets of Rd then for every λ ∈ (0, 1)
we have:

|λA + (1− λ)B|1/d ≤ λ|A|1/d + (1− λ)|B|1/d

Applying the arithmetic-geometric means inequality to this last form of the
Brunn-Minkowski we get:

|λA + (1− λ)B| ≥ |A|λ · |B|1−λ

This form of the Brunn-Minkowski inequality has the advantage of being
dimension-free.

We will leave the proof of the Brunn-Minkowski inequality in the appendix
of this Chapter, Section 6.5.

The Brunn-Minkowski inequality is a fundamental tool for several important
geometric inequalities that we will be using often in the context of estimating
the covariance matrix of distribution sampled from distributions defined on
convex bodies. One of these is the so-called Borell’s Lemma. Borell’s lemma
states that if the intersection of A ∩ K of a convex body K with a symmetric
convex set A captures more than half of the volume of K, then the proportion
of K which stays outside t · A, t > 1 decreases exponentially with respect to t
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as t→ ∞, at a rate which is independent of the body K and the dimension d.
This result can be interpreted in terms of probability since we will consider K
to be a convex body of volume 1. Then, the volume of the intersection A∩K
is equivalent to P (X ∈ A), where X is the usual random vector, sampled
uniformly from K.

Theorem 6.9 (Borell’s Lemma [14]) Let K be a convex body of volume 1 in Rd,
and let A be a closed, convex and symmetric set such that |K ∩ A| = θ > 1

2 . Then,
for every t > 1 we have

|K ∩ (tA)c| ≤ θ

(
1− θ

θ

) t+1
2

We will leave also this proof in the appendix of this chapter.

6.2 Main Result

We state, now the main theorem.

Theorem 6.10 ([5]) There exist absolute constants C, c such that the following
holds. Let ε ∈ (0, 1). Let X be uniformly distributed on an unconditional isotropic
convex body in Rd. For n ≥ Cd

ε2 , with probability larger than 1− C exp(−cd1/5):

‖Σn − I‖ ≤ ε

Sketch of the proof

To prove the theorem, we will make use of the following simple observation:

‖Σn − I‖ ≤ ‖Σn − diag (Σn)‖+ ‖diag (Σn)− I‖

Then, we will bound the two terms that compose the right-hand side in two
different ways.

Let’s see first, how to bound the first term: ‖Σn − diag (Σn)‖. We will make
use of the following lemma, which will be proved by using a variation of
the moment method.

Lemma 6.11 ([5]) Let X be a random vector uniformly distributed on an uncondi-
tional convex body in Rd. Let n ≥ d be the number of sample points. For k = d1/5,
we have:

(
E ‖Σn − diag (Σn)‖k

)1/k
≤ C

√
d
n ,
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where C is a universal constant.

Using this Lemma, together with Markov’s inequality we will be able to
bound the first term.

To bound the second term, we will use, instead, Borell’s Lemma (Theorem
6.9), by writing:

‖diag (Σn)− I‖ = max1≤j≤d

∣∣∣ 1
n ∑n

i=1 x2
ij − 1

∣∣∣
where xij are the components of the i-th copy of the random vector X ∈ Rd:
Xi = (xi1, . . . , xid).

With this structure in my mind, we proceed with the main proof and the
proof of all the complementary results needed.

6.3 Proof of Main Result

As discussed above, we reduce the problem of bounding from above
‖Σn − I‖ to the problem of bounding:

• ‖Σn − diag (Σn)‖

• ‖diag (Σn)− I‖

To bound the first term, we use Lemma 6.11.
We obtain:

(
E‖Σn − diag(Σn)‖k)1/k ≤ C

√
d
n , for k = d1/5

Then, by applying Markov’s inequality we get:

P
(
‖Σn − diag(Σn)‖ ≥

ε

2

)
= P

(
‖Σn − diag(Σn)‖k ≥

( ε

2

)k
)

≤ E‖Σn − diag(Σn)‖k(
ε
2

)k ≤ Ck

(√
d
n
· 2

ε

)k

≤ 2−d1/5

for n ≥ 16C2 d
ε2 .

Now, we turn to the problem of bounding the second term. For 1 ≤ i ≤ n,
we write Xi = (xi1, . . . , xid). Then, the term ‖diag(Σn)− I‖ can be estimated
as follows:
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‖diag(Σn)− I‖ = max1≤j≤d

∣∣∣ 1
n ∑n

i=1

(
x2

ij − 1
)∣∣∣

As mentioned above, we will now use Borell’s Lemma to prove the following
claim:

Claim 6.12 For some constant c, we have: ψ 1
2

(
x2

ij − 1
)
≤ c

Proof (of Claim 6.12) First, we normalize the convex body on which we
defined the uniform distribution from which we sample the random vec-
tor X. Notice that we can do so since K is unconditional by hypothe-
sis. Specifically, by choosing a = 1

|K|1/d and setting H := aK we get an
unconditional convex body with unitary volume. Moreover, we choose
A = {x s.t. : x·j = 〈x, ej〉2 − 1 ≤ s}. It follows from the unconditionality
assumption that: |H ∩ A| ≥ θ > 1

2 . Recall that, by the isotropic assumption
we have: E〈X, ej〉2 = 1. Then, using Markov’s inequality and choosing an
appropriate value for s:

P
(

AC) = P
(
{x s.t. 〈x, ej〉2 > 1 + s}

)
≤ 1

100

It follows: P (A) ≥ 99
100 . Then, applying Borell’s lemma, Theorem 6.9:

P
(

x2
ij − 1 ≥ t

)
≤ θ

( 1−θ
θ

) 1+t
2 ≤ 2 exp

(
−
√

t
K

)
for appropriate values of θ > 1

2 . From the definition of Orlicz norm (Defini-
tion 2.34), follows the claim. �

Knowing that the 1
2 -Orlicz norm is bounded from above by a constant, we

can use the following Lemma, which will be proved in Section 6.4.2. This
lemma is an analogue of Bernstein inequalities for ψα random variables with
0 < α ≤ 1.

Lemma 6.13 ([5]) For any 0 < α ≤ 1, ∃ C(α), c(α) such that the following holds:
Let
(
Yj
)

1≤m be i.i.d random variables such that: EY1 = 0 and ψα (Y1) ≤ K. Then,

∀ t ≥ C(α)K√
m , we have:

P
(∣∣∣ 1

m ∑m
j=1 Yj

∣∣∣ > t
)
≤ exp

(
−c(α)min

(
m t2

K2 , mα tα

Kα

))
With this Lemma, we can finally finish the proof of Theorem 6.10. Indeed,
by using Lemma 6.13, for 0 < ε ≤ 1:

P
(
‖diag(Σn)− I‖ ≥ ε

2

)
≤ d exp

(
−c
√

d
)

Putting together the two bounds in high probability obtained concludes the
proof of Theorem 6.10.
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6.4 Proof of the other results

In this section, we will now prove the results that were used in Section 6.3
for the proof of Theorem 6.10 and that were only stated above.

6.4.1 Proof of Lemma 6.11

We will start with the proof of Lemma 6.11, which has been used to prove
the first term in which the quantity ‖Σn − I‖ was decomposed in Theorem
6.10.

To prove this result we will use the moment method, with k as an even
integer. For 1 ≤ i ≤ n, we write the coordinate of Xi as

(
xij
)

1≤j≤d

Now:

E‖Σn − diag (Σn) ‖k ≤ E Tr (Σn − diag(Σn))
k = Tr E (Σn − diag(Σn))

k

= ∑
s1 6=s2 6=... 6=sk 6=s1

EZns1s2
. . . Znsk−1sk

Znsks1

=
1
nk ∑

s1 6=s2 6=... 6=sk 6=s1
r1,r2,...,rk

Exr1s1 xr1s2 xr2s2 . . . xrksk xrks1

where the sum is taken over all indices r1, r2, . . . , rk in {1, . . . , n} and s1, s1, . . . , sk
in {1, . . . , d}, consecutively distinct. Moreover, since the random vectors
X1, . . . , Xn are independent, each expectation in the sum can be factorized
as the product of n factors of the form:

Exα1
1 xα2

2 . . . xαd
d for some integers α1, . . . , αd (6.1)

where X = (x1, . . . , xd). Observe that, the fact that the vector X is uncondi-
tional also implies that it’s invariant under flips of coordinates. This shows
that the expectation is zero if one of the ai is odd. This leads us to the
following inequality:

E‖Σn − diag(Σn)‖k ≤ 1
nk ∑[(r1,s1),...,(r2k ,s2k)]V-graph Exr1s1 . . . xr2ks2k ,

where:

Definition 6.14 A V-graph is a 2k-tuple of pairs (ri, si) ∈ {1, . . . , n}×{1, . . . , d}
such that:

1. s2i+1 = s2i ( and s1 = s2k)

2. r2i = r2i−1

3. each couple (ri, si) appears an even number of times
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4. s2i 6= s2i−1.

We associate several parameters to a V-graph G = [(r1, s1) , . . . , (r2k, s2k)]:

• r(G) = number of distinct row indices from Σn that appear in G

• c(G) = number of distinct column indices from Σn that appear in G

• `(G) = r(G) + c(G)

• d(G) = number of distinct couples of indices (ri, si) that appear in G

• n2(G) = number of indices i such that the couple (ri, si) appears ex-
actly 2 times in G

• n+(G) = number of indices i such that the couple (ri, si) appears 4
times or more in G.

From this, we clearly have n2(G) + n+(G) = 2k.

Lemma 6.15 ([5]) If G = [(r1, s1) , . . . , (r2k, s2k)] is a V-graph, then

E xr1s1 . . . I r2ks2k ≤ Ckkn+(G).

Proof (of Lemma 6.15) Recall that the rows of Σn are independent, so this
allows us to write the whole expectation as a product of n factors of the form
(6.1). Note that the sum of all exponents αi appearing in the factors of (6.1)
is exactly 2k, while the sum restricted to the exponents satisfying αi ≥ 4 is
exactly n+(G). We use the following comparison theorem.

Lemma 6.16 (Bobkov and Nazarov [12])

Let Bn
1 =

{
x ∈ Rd s.t. ∑

∣∣xj
∣∣ ≤ 1

}
denote the unit ball of `d

1; the convex body αdBd
1

is isotropic for αd =
√

(d+1)(d+2)
2 . If X = (x1, . . . , xd) is uniformly distributed

on an isotropic unconditional convex body, and if Y = (y1, . . . , yd) is uniformly
distributed on CdBd

1 , then for any increasing functions fi : R+ 7→ R and such that
fi(0) = 0:

E
d

∏
i=1

fi (|xi|) ≤ E
d

∏
i=1

fi (|yi|) .

This Lemma will be proved in the appendix of this Chapter, Section 6.5.

We use Lemma 6.15 with fi(x) = xαi on each factor of (6.1), Then, we can
estimate the resulting expectation for Y using subindependence.

Lemma 6.17 (Ball and Perissinaki [9]) ∀ increasing functions fi : R+ 7→ R, on
`n

p-balls, we have:

E
d

∏
i=1

fi (|yi|) ≤
d

∏
i=1

E fi (|yi|) .
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This Lemma will be proved in the appendix of this Chapter, Section 6.5.

Now, by Borell’s lemma, Theorem 6.9, there is an absolute constant C such
that ψ1 (yi) ≤ C, which means that E |yi|p ≤ (Cp)p. If αi ≥ 4, we use the
following bound, which follows from Jensen:

Eyαi
i = Ey

αi ·
n+(G)
n+(G)

i ≤
(

Eyn+(G)
i

) αi
n+(G) ≤ (Cn+(G))αi ≤ (2Ck)αi .

Using this method to bound separately all the factors of the form (6.1), we
are led to

Exr1s1 . . . xr2ks2k ≤
(
Ey2

1
)n2(G)/2

(2Ck)n+(G) ≤ CkKn+(G)

and the lemma is proved. �

Now that we proved Lemma 6.15, we can use it to obtain the inequality:

E‖Σn − diag(Σn)‖k ≤ 1
nk ∑

[(r1,s1),...,(r2k ,s2k)]V-graph
Exr1s1 . . . xr2ks2k

≤ Ck

nk ∑
V-graph

Kn+(G)

(6.2)

The problem has been, now, reduced to the problem of bounding some quan-
tity/parameters associated with the V-graph.

Lemma 6.18 ([5]) Let G = ((r1, s1) , . . . , (r2k, s2k)) be a V-graph. Then:

1. d(G) ≤ k

2. `(G) ≤ d(G) + 1 ≤ k + 1

3. r(G) ≤ k
2

4. n+(G) ≤ 4(k− `(G) + 1)

Proof (of Lemma 6.18) All these bounds follow from the definition of the
properties associated with the definition of a V-graph, Definition 6.14. In-
deed:

1. From the third property of Definition 6.14, i.e. the fact that each couple
(ri, si) appears an even number of times, then every couple appears at
least two times =⇒ d(G) ≤ k.

2. Observe that if one reads the graph from (r1, s1) to (r2k, s2k), each of
the first d(G) occurrences (ri, si) may bring either a new row index or
a new column index. To bring both is not possible due to the first two
properties of Definition 6.14. =⇒ ` ≤ d(G) + 1. By the previous
point, it’s trivial that: ` ≤ k + 1.
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3. From Definition 6.14 it follows that whenever a row index r appears in
G, we can find i and j such that: ri = rj = r and si 6= sj =⇒ by the
third property, every row index must appear in G at least four times:
r(G) ≤ 2k

4 = k
2 .

4. Observe that it’s true that: d(G) ≤ 1
2 n2(G) + 1

4 n+(G). By what we
proved in point 2. we have:

`− 1 ≤ d(G) ≤ 1
2 n2(G) + 1

2 n+(G)− 1
4 n+(G)

Since, n2(G) + n+(G) = 2k =⇒ n+(G) ≤ 4(k + 1− `). �

Having these bounds on the most important quantities associated with the
V-graph, we can proceed in the following way:

• we bound the number of V-graphs with given r and c

• recalling the definition of `(G) = r(G)+ c(G), we sum over all possible
` for a V-graph. Indeed, we fix every time a certain r and c and we use
the bound we find with the previous point.

Lemma 6.19 ([5]) Let I ⊂ {1, . . . , n} and J ⊂ {1, . . . , d}, such that r+ c ≤ k+ 1,
with r = |I| and c = |J|. Then the number of V-graphs G = [(r1, s1) , . . . , (r2k, s2k)]
such that {ri} ⊂ I and {si} ⊂ J is bounded from above by (Ck)k, for some absolute
constant C.

Proof (of Lemma 6.19) Let Gr,c =
(

gij
)

be a random r× c matrix with entries
being independent N (0, 1) random variables. From the example 2.18, for
some absolute constant C, we know that: E ‖Gr,c‖ ≤ C(

√
r +
√

c) ≤ C′
√

k.
Moreover, the operator norm is a 1-Lipschitz function with respect to the
entries of the matrix, and applying Gaussian concentration implies that for
any t ≥ 0,

P (‖Gr,c‖ ≥ E ‖Gr,c‖+ t) ≤ exp
(
−t2/2

)
.

Then, this, in turn, implies that

E ‖Gr,c‖2k =
∫ ∞

0
2kt2k−1P (‖Gr,c‖ ≥ t) dt ≤ (C

√
k)2k.

Now, observe that:

• Tr
(
GT

r,cGr,c
)k is the sum of the 2k-th powers of singular values of Gr,c,:

E Tr
(
G`

r,cGr,c
)k ≤ min(r, c)E ‖Gr,c‖2k ≤

(
C′
√

k
)2k
≤ (C′′k)k

• we can expand E Tr
(
G`

r,cGr,c
)k as:

E Tr
(
G`

r,cGr,c
)k

= ∑ 2k tuples(ri ,si)⊂I×J
s.t. Def 1/2/3 are satisfied

Egr1,s1 . . . gr2ks2k
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Notice that all the terms in the sum are ≥ 0 and, actually, ≥ 1 since Egp
ij ≥ 1

for p being an even integer. Then, it’s clear that, since this setting includes
all the V-graphs considered in the statement of the lemma:

number of V-graphs = ∑
2k tuples(ri ,si)⊂I×J

s.t. Def 1/2/3/4 are satisfied

1 ≤ ∑
2k tuples(ri ,si)⊂I×J

s.t. Def 1/2/3 are satisfied

1

≤ ∑
2k tuples(ri ,si)⊂I×J

s.t. Def 1/2/3 are satisfied

Egr1,s1 . . . gr2ks2k

= E Tr
(

G`
r,cGr,c

)k
≤
(
C′′k

)k

Thus, the lemma is proved. �

Now, with the result of Lemma 6.19, the number of V-graph G such that
r(G) = r, c(G) = c can be bounded by:

(n
r)(

d
c)(Ck)k ≤ (ne)r(de)c

rccc (Ck)k ≤ (C1)
knrdc

``
kk ≤ (C2)knrdckk−`

where we used the inequalities:

• (B
b) ≤

( Be
b

)b
, in the first inequality

• rrcc ≥ (`/2)`, in the second step of the inequality

• kk

``
≤ (ke)k−`, in the third step of the inequality

Moreover, we can use Lemma 6.18, to claim that:

nr(G)dc(G) ≤
{

n`(G) if `(G) ≤ k/2,

nk/2n
`(G)
k/2 if `(G) ≥ k/2

≤ nk
(

d
n

)k/2 1
dk−`(G)

.

Thus, fixing an `, we can plug this bound into the inequality for the ”number
of V-graphs” above, and the number of V-graphs with the same ` can be
upper-bounded by:

(C2)kkk−`(G)nk
(

d
n

)k/2
1

dl−`(G)

We can apply this result to inequality (6.2), using that n+(G) ≤ 4(k− `+ 1)
and setting m = `− 1:
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E‖Σn − diag(Σn)‖k ≤ Ck

nk ∑
V-graph

Kn+(G)

≤
(

C
n

)k k+1

∑
`=2

k4(k−`+1) · k · Ck
2 · kk−l · nk

(
d
n

)k/2 1
dk−`

≤ Ck ·
(

d
n

)k/2

d
k

∑
m=1

(
k5

d

)k−m

We now choose k to be the smallest even integer such that k ≥ d1/5. We then
use the inequality d ∑

(
k5/d

)k−m ≤ Ck to finish the proof, obtaining:

(
E ‖Σn − diag (Σn)‖k

)1/k
≤ C

√
d
n

Thus, we have completed the proof of Lemma 6.11.

We come back, now, to the proof of the main theorem. Indeed, to bound the
second term in which the quantity ‖Σn − I‖ was decomposed, at the end of
the proof we used a Bernstein type inequality for ψα functions, Lemma 6.13.
We will turn, now, to the proof of this Lemma.

6.4.2 Proof of Lemma 6.13

We need an interesting result by Latała for this.

Corollary 6.20 ([30]) If p ≥ 2 and Y, Y1, . . . , Ym are i.i.d symmetric random vari-
ables then we have

‖Y1 + . . . + Ym‖p ≤ sup

{
p
s

(
m
p

)1/s

‖Y‖s : max
(

2,
p
m

)
≤ s ≤ p

}
.

Proof of Corollary 6.20

We will, now, prove the result stated above. To do so, we will need to
introduce a couple of additional definitions and lemmas.

Definition 6.21 Let us define the following function on R for p > 0 :

1. ϕp(x) = |1 + x|p

2. ϕ̃p(x) = ϕp(x)+ϕp(−x)
2

Definition 6.22 For a random variable X we define:

Φp(x) = Eϕp(x)
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From this, we can define, for a sequence (Xi)i∈I of independent symmetric random
variables, indexed by a set I, we define the following Orlicz norm:

‖ (Xi)i∈I ‖Orlicz,p = inf
{

t > 0 : ∑ ln
(

Φp

(
Xi
t

))
≤ p

}
Lemma 6.23 ([30]) For any p ≥ 2 and real numbers a < b < c < d, satisfying
the condition a + d = b + c = 2, the function

f (t) = |a + t|p + |b− t|p + |c− t|p + |d + t|p

is non-decreasing for t ≥ 0.

Proof (of Lemma 6.23) Notice that f is convex, therefore it is enough to
check that f ′(0) ≥ 0. By doing the derivative, one can see that 1

p f ′(0) =

|a|p−2a− |b|p−2b− |c|p−2c + |d|p−2d = g(d− 1)− g(c− 1), where

g(s) = |1 + s|p−2(1 + s) + |1− s|p−2(1− s).

So it is enough to show that the function g is nondecreasing on [0, ∞). This
is true since

g′(s) = (p− 1)
(
(1 + s)p−2 − (1− s)p−2) ≥ 0 for s ∈ (0, 1)

and
g′(s) = (p− 1)

(
(1 + s)p−2 − (s− 1)p−2) ≥ 0 for s ∈ (1, ∞).

Thus, the lemma is proved. �

Lemma 6.24 ([30]) For Y1, . . . , Ym independent symmetric random variables and
p ≥ 2 we have

Φp (Y1 + . . . + Ym) ≤ Φp (Y1) · . . . ·Φp (Ym) .

Proof (of Lemma 6.24) The proof can be reduced to the case of m = 2 and
to the case cY1 = xε1, Y2 = yε2, with 0 ≤ y ≤ x. With this new formulation,
the problem is reduced to proving the inequality:

ϕ̃p(x + y) + ϕ̃p(x− y) ≤ 2ϕ̃p(x)ϕ̃p(y).

In this case, we can apply Lemma 6.23, by setting a = 1− x− y, b = 1− x +
y, c = 1 + x− y and d = 1 + x + y and the result is proved. �

Lemma 6.25 ([30]) If t ≥ 1, |x| ≥ 1 and p ≥ 1, then

ϕ̃p(tx) ≥ tp/2 ϕ̃p(x)
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Proof (of Lemma 6.25) Let us fix x ≥ 1 and define for t ≥ 1, and define:

f (t) = ln ϕ̃p(tx)−
p
2

ln t.

Then the claim we want to prove is equivalent to showing that f (t) ≥ f (1).
This is true, since f is non-decreasing on [1, ∞). Indeed:

f ′(t) =
p
2t

(tx− 1)(tx + 1)p−1 + (tx + 1)(tx− 1)p−1

(tx− 1)p + (tx + 1)p ≥ 0,

which proves the result. �

Lemma 6.26 ([30]) If X, Y are independent symmetric random variables, then:

Φp

(
2X + Φp(X)2/pY

)
≥ Φp(X)Φp(Y)

Proof (of Lemma 6.26) By the convexity of ϕp, we obtain Eϕp(a + bε) ≤
Eϕp(a + cε) for real numbers a, b, c, such that |b| ≤ |c|. Therefore, since
Φp(X) ≥ 1, we have for any real numbers x, y with |y| ≤ 1,

Eϕ̃p (ε1x) ϕ̃p (ε2y) = ϕ̃p(x)ϕ̃p(y) = Eϕp (ε2y + ε1 (x + ε2xy))

≤ Eϕp (ε2y + ε12x) ≤ Eϕp

(
2ε1x + Φp(X)2/pε2y

)
= Eϕ̃p

(
2ε1x + Φp(X)2/pε2y

)
.

For |y| ≥ 1, instead, we have, by Lemma 6.25:

ϕ̃p(tx) ≥ tp/2 ϕ̃p(x)

Therefore, it follows:

Eϕ̃p

(
2ε1x + Φp(X)2/pε2y

)
≥ Eϕ̃p

(
Φp(X)2/pε2y

)
≥ Φp(X)Eϕ̃p (ε2y)

Putting together the cases |y| ≥ 1 and |y| ≤ 1 gives the proof of the
lemma. �

Lemma 6.27 ([30]) If Y1, Y2, . . . , Ym are independent symmetric random variables
such that Φp (Y1) · · ·Φp (Ym) ≤ ep, then for p ≥ 1,

Φp
(
2e2 (Y1 + . . . + Ym)

)
≥ Φp (Y1) · · ·Φp (Ym)

Proof (of Lemma 6.27) Let Vk = 2
(
Φp (Y1) · · ·Φp (Yk)

)2/p
(Y1 + . . . + Yk).

We prove by induction that

Φp (Vk) ≥ Φp (Y1) · · ·Φp (Yk) .
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• Base case: for k = 1 it is obvious

• Induction step: assume that the thesis holds for some k. We want to
prove that this implies that the thesis holds also for k + 1. Observe that
by monotonicity of ϕp Lemma 6.26 and the induction hypothesis we
have:

Φp (Vk+1) ≥ Φp

(
2Yk+1 + Φ2/p

p (Yk+1)Vk

)
≥ Φp (Yk+1)Φp (Vk)

≥ Φp (Y1) · · ·Φp (Yk) ·Φp (Yk+1) .

Thus, we proved by induction our thesis. �

We can, finally, state the theorem from which Corollary 6.20 will follow.

Theorem 6.28 ([30]) Let Y1, Y2, . . . , Ym be a sequence of independent symmetric
random variables, and p ≥ 2. Then the following inequalities hold:

e− 1
2e2 ‖ (Yi)i∈I ‖Orlicz,p ≤ ‖Y1 + . . . + Ym‖p ≤ e‖ (Yi)i∈I ‖Orlicz,p

Proof (of Theorem 6.28) We first prove the right part of the inequality:

• ‖Y1 + . . . + Ym‖p ≤ e‖ (Yi)i∈I ‖Orlicz,p

To begin, take t > 0 and assume that:

∑ ln
(

Φp

(
Yi

t

))
= p

By this assumption, it follows that Φp

(
Y1
t

)
. . . Φp

(
Ym
t

)
= ep.

By Lemma 6.24:

Φp

(
Y1 + . . . + Ym

t

)
≤ ep

Notice that, by definition, ϕp(x) ≥ |x|p ∀ x, so for any symmetric random
variable W, Φp(W) ≥ ‖W‖p

p and therefore:

‖Y1 + . . . + Ym‖p ≤ et

We finish by taking the infimum over t, thus achieving the Orlicz norm of
Definition 6.22.

Now we will prove the other side of the inequality:

• e−1
2e2 ‖ (Yi)i∈I ‖Orlicz,p ≤ ‖Y1 + . . . + Ym‖p
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To show this inequality, let us observe that by Lemma 6.27, since at the
beginning of the proof we assumed Φp

(
Y1
t

)
. . . Φp

(
Ym
t

)
= ep, we get:

Φp

(
2e2 Y1 + . . . + Ym

t

)
≥ ep

By the triangle inequality, for any random variable W we have the following
inequality:

Φp(W) ≤
(
1 + ‖W‖p

)p for p ≥ 2

Therefore, for p ≥ 2, we obtain:

ep ≤ Φp

(
2e2 Y1 + . . . + Ym

t

)
≤
(

1 +
∥∥∥∥2e2 Y1 + . . . + Ym

t

∥∥∥∥
p

)p

By a simple calculation and taking again the infimum over t, we obtain the
desired lower estimates, thus completing the proof. �

Finally, we have all the ingredients to prove the result we need, Corollary
6.20.

Proof (of Corollary 6.20) By Theorem 6.28, which we just proved, we have:

‖Y1 + . . . + Ym‖p ∼ ‖Yi‖Orlicz,p = inf
{

t > 0 : Φp

(
Y
t

)
≤ ep/m

}
.

Therefore, we will relate ‖Yi‖Orlicz,p with the upper bound we want to achieve.

To prove the upper bound, we may assume that:

sup

{
p
s

(
m
p

)1/s

‖Y‖s : max
(

1,
p
m

)
≤ s ≤ p

}
= t.

First, we apply triangle inequality, to the function ϕp(x):

ϕp(w) = |1 + w|p ≤ (1 + |w|)p

By Newton binomial (appendix), we can write:

ϕp(w) ≤ ∑
k<p

(
p
k

)
|w|k + |w|p

and
(

p
k

)
≤ (ep/k)k, if n ≥ p we have that:

Φp

(
Y

2et

)
≤ ∑

k<p

pk

(2tk)k ‖X‖
k
k +
‖Y‖p

p

(2et)p ≤ 1 +
p
n
≤ ep/n.
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If p ≥ n, we have (p/n)1/k ≤ k1/k < e for k ≥ p/n. Also ‖Y‖k ≤ ‖Y‖p/n for
k ≤ p/n. Therefore, again by Newton binomial, we obtain:

Φp

(
Y

2et

)
≤ exp

(
p‖Y/2et‖p/n

)
+ ∑

p/n<k<p

pk

(2tk)k ‖Y‖
k
k +
‖Y‖p

p

(2et)p

≤ ep/2n +
p
n
≤ ep/n

Thus, the result follows. �

Having this result in mind, we can continue the proof of Lemma 6.13. First,
we notice the following:

• If Yi are independent, mean zero random variables, and (ε i) is a
Bernoulli sequence independent of (Yi)i∈I then

1
2

∥∥∑ Yi
∥∥

p ≤
∥∥∑ ε iYi

∥∥
p ≤ 2

∥∥∑ Yi
∥∥

p

Therefore, we can apply the above theorems and, specifically, Corol-
lary 6.20 for the sequence of symmetric random variables (ε iYi), thus
translating the same result to the mean zero random variables (Yi),
with slightly worse constants

To prove Lemma 6.13, we notice that, by Definition 2.34 and the equivalent
formulation (2.1) of the Orlicz norm, we have that:

‖Y1‖s
s1/α ≤ ψα(Y1)

With the hypotheses of the lemma, ψα(Y1) ≤ K, therefore: ‖Y1‖s ≤ Ks1/α. By
using Corollary 6.20:

‖Y1 + . . . + Ym‖p ≤ sup
s∈[max(2, p

m ),p]

p
s

(
m
p

)1/s

· k · s1/α

≤
{

C(α)K
√

mp if 2 ≤ p ≤ m
α

2−α

C(α)Kp1/α if p ≥ m
α

2−α

Now, let X = 1
m (Y1 + . . . + Ym). Using Markov’s inequality we get:

P(|X| ≥ t) = P(|Y1 + . . . Ym|p ≥ (t ·m)p) ≤ E |Y1 + . . . Ym|p

(t ·m)p

≤


(

C(α)K
√

p
t
√

m

)p
if 2 ≤ p ≤ m

α
2−α(

C(α)Kp1/α

tm

)p
if p ≥ m

α
2−α
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6. Case Study: Isotropic Random Vectors sampled from a convex body

If C′K/
√

m ≤ t ≤ 2CKm−
1−α
2−α we use the first bound with p = mt2

4C2K2 ; if

t ≥ 2CKm−
1−α
2−α we use the second bound with p = mt

(2CK)α . In both cases, we
obtain P(|X| ≥ t) ≤ 1/2p, and the lemma is proved.

6.5 Appendix of this Chapter

Proof of Brunn-Minkowski inequality

There are many proofs of the Brunn-Minkowski inequality. We will present
one valid exclusively for the class of convex bodies and based on Brunn’s
concavity principle, which we introduce now.

Theorem 6.29 (Brunn’s concavity principle) Let K be a convex body in Rd and
let F be a k-dimensional subspace. Then, the function f : F⊥ 7→ R defined by
f (x) =| K ∩ (F+ x) |1/k is concave on its support.

In order to be able to prove Brunn’s principle, we introduce Steiner’s sym-
metrization:

• for any convex body K in Rn and any θ ∈ Sn−1 we consider the set
Sθ(K) consisting of all points of the form x + λθ, where x is in the
projection Pθ⊥(K) of K onto θ⊥ and |λ| ≤ 1

2 · length[(x + Rθ) ∩ K].
In other words, we obtain Sθ(K) by transforming the chords (or line
segments) of K. We transform them by, for each chord in K, sliding or
moving it along the line perpendicular to θ. Then, the new position of
each chord is determined by ensuring that the midpoint of the chord
lies on the space perpendicular to θ. Finally, we take the union of all
resulting chords.

The set Sθ(K) is the Steiner symmetrization of K in the direction of θ.
From the definition, some basic properties of Steiner symmetrization follow:

1. Steiner symmetrization preserves convexity: if K is a convex body then
Sθ(K) is also a convex body.

2. Steiner symmetrization preserves volume: |Sθ(K)| = |K|.

3. If K1 and K2 are two convex bodies then, for every λ ∈ (0, 1),

Sθ (λK1 + (1− λ)K2) ⊇ λSθ (K1) + (1− λ)Sθ (K2) .

A very useful well-known fact is that, if F is a k-dimensional subspace of Rd,
1 ≤ k ≤ n, for every convex body K one can find a sequence of successive
Steiner’s symmetrizations in directions θ ∈ F so that the limiting convex
body K̃ has the following property:

for every x ∈ F⊥, K̃ ∩ (F + x) is a ball with center at x and radius r(x) such
that |K̃ ∩ (F + x)| = |K ∩ (F + x)|.

88
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Then, we can effectively prove Brunn’s concavity principle.

Proof (of Theorem 6.29) Using the above observation, the proof is easily
completed: using the convexity of K̃ we see that the function of the radius r
is concave on its support, and hence f is also concave. �

Having this result, we can, now, prove Brunn-Minkowski inequality for con-
vex bodies.
This result follows from Brunn’s concavity principle as follows:
if K and T are convex bodies in Rd, we define

K1 = K× {0} and T1 = T × {1}

in Rd+1 and consider their convex hull which we will call H. If

H(t) =
{

x ∈ Rd : (x, t) ∈ L
}

for t ∈ [0, 1]

From this definition it follows that H(0) = K, H(1) = T and

H
(

1
2

)
=

K + T
2

.

Then, Brunn’s concavity principle for F = Rd shows that∣∣∣∣K + T
2

∣∣∣∣1/d

≥ 1
2
|K|1/d +

1
2
|T|1/d,

thus proving the desired result.

Proof of Borell’s Lemma

We will start with a simple claim.

Claim 6.30 Let A be a closed, convex and symmetric set:

Ac ⊇ 2
t + 1

(tA)c +
t− 1
t + 1

A

.

Proof (of Claim 6.30) This claim will be proved by contradiction. Indeed,
suppose that the statement of the claim does not hold. Then, there exists
a ∈ A which can be written in the form a = 2

t+1 y + t−1
t+1 a1 for some a1 ∈ A

and y /∈ tA. We can use, then, the convexity and symmetry of A, and we
can write

1
t

y =
t + 1

2t
a +

t− 1
2t

(−a1) ∈ A,

which implies that y ∈ tA. This shows a contradiction. �
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6. Case Study: Isotropic Random Vectors sampled from a convex body

Continuing the proof of Borell’s lemma, since K is convex, we then have:

Ac ∩ K ⊇ 2
t + 1

((tA)c ∩ K) +
t− 1
t + 1

(A ∩ K).

We can now apply the Brunn-Minkowski inequality and we get:

1− θ = |Ac ∩ K| ≥ |(tA)c ∩ K|
2

t+1 · |A ∩ K| t−1
t+1 = |(tA)c ∩ K|

2
t+1 · θ t−1

t+1 ,

and the result follows.

Additional useful results for isotropic unconditional convex bodies

We first state a couple of results regarding log-concave functions that will
be used in this section. For the sake of clarity, we start with a couple of
definitions.

Definition 6.31 Let f : Rd 7→ [0, ∞) be an integrable function with finite, positive
integral. The barycenter of f is defined as:

bar( f ) =
∫

Rd x f (x)dx∫
Rd f (x)dx

We say that f is centered if it has barycenter at the origin, i.e. :∫
Rd〈x, θ〉 f (x)dx = 0 ∀ θ ∈ Sd−1

Definition 6.32 A function f : Rd 7→ [0, ∞) is called log-concave if:

f ((1− λ)x + λy) ≥ f (x)1−λ f (y)λ

The first result, due to Fradelizi, shows that the value of a centered log-
concave function at the origin is comparable to its maximum (up to a con-
stant depending on the dimension).

Theorem 6.33 ([25]) Let f : Rd 7→ [0, ∞) be a centered log-concave function.
Then:

f (0) ≤ ‖ f ‖∞ ≤ ed f (0).

Proof (of Theorem 6.33) Without loss of generality, assume that f > 0, con-
tinuously differentiable and that

∫
Rd f (x)dx = 1. Then:

log f (0) = log f
(∫

Rd
y f (y)dy

)
since f is
centered

≥
∫

Rd
f (y) log f (y)dy by Jensen’s

inequality
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Let x ∈ Rd. Since f is log-concave:

− log f (x) ≥ − log f (y) + 〈x− y,∇ (− log f ) (y)〉

Then, multiply by f (y) and integrate over y:

− log f (x) = − log f (x)
∫

Rd
f (y)dy

≥ −
∫

Rd
f (y) log f (y) +

∫
Rd
〈x− y,−∇ f (y)〉dy since f (y)∇(− log f ) = −∇ f

≥ −
∫

Rd
f (y) log f (y)− d by integration

by parts

Then, we get, from the first relation for f (0) and the above inequality:

log f (0) ≥
∫

Rd f (y) log f (y) ≥ log f (x)− d ∀ x

By taking the supremum over x, we get the result. �

Lemma 6.34 ([16]) Let f : [0, ∞) 7→ [0, ∞) be a log-concave function. Then,

F(p) :=
(

p
‖ f ‖∞

∫ ∞

0
xp−1 f (x)dx

)1/p

is an increasing function of p on (0, ∞).

Proof (of Lemma 6.34) Without loss of generality, we can assume that
‖ f ‖∞ = 1. Then, for any 0 < p < q and α > 0:

F(q)q

q
=
∫ ∞

0
xq−1 f (x)dx =

∫ α

0
xq−1 f (x)dx +

∫ ∞

α
xq−1 f (x)dx

≥
∫ α

0
xq−1 f (x)dx + αq−p

∫ ∞

α
xp−1 f (x)dx

= αq−p
∫ ∞

α
xp−1 f (x)dx + αq−p

∫ α

0
xp−1 f (x)dx

− αq−p
∫ α

0
xp−1 f (x)dx +

∫ α

0
xq−1 f (x)

= αq−p F(p)p

p
− αq

∫ 1

0

(
xp−1 − xq−1

)
f (αx)dx

≥ αq−p F(p)p

p
− αq

(
1
p
− 1

q

)
Then, take the minimum over α and see that the choice α = F(p) minimizes
the right-hand side, thus giving the desired result. �
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6. Case Study: Isotropic Random Vectors sampled from a convex body

Next, we want to study the relation of the moments of the distribution of a
random vector sampled from a centered convex body K with the volume of
the hyperplane sections of K passing through the origin.
We first observe that the hyperplane sections through the barycenter are, up
to an absolute constant, maximal.

Proposition 6.35 ([16]) Let K be a centered convex body of volume 1 in Rd. Let
θ ∈ Sd−1 and consider the function

f (t) = fK,θ(t) = vold−1(K ∩ {〈x, θ〉 = t}), t ∈ R.

Then,

‖ f ‖∞ ≤ e f (0) = e vold−1(K ∩ θ⊥).

Proof (of Proposition 6.35) Brunn-Minkowski inequality implies that f is a
log-concave density on R and the assumption that K is centered shows that
bar( f ) = 0. Therefore, we can apply Theorem 6.33 with dimension d = 1,
obtaining the desired result. �

Now, we will make the observation that for every θ ∈ Sd−1 the volume
of the (d− 1)-dimensional section vold−1(K ∩ θ⊥) of K is closely related to
the Lq norms of the linear functional x 7→ 〈x, θ〉. Since this result holds
for all centered convex bodies, we will express the Lq norms as an integral
over the convex body, without needing to use the probabilistic notation with
the expectation, which would imply that we have to deal with a random
variable sampled from such convex body. Therefore we will use as norm the
following:

‖〈·, θ〉‖q =
(∫

K |〈x, θ〉|qdx
)1/q

Proposition 6.36 ([35]) Let K be a centered convex body of volume 1 in Rd. Let
f (t) = fK,θ(t) = vold−1(K ∩ {〈x, θ〉 = t}), t ∈ R as defined in Proposition
6.35. For every θ ∈ Sd−1 and every q > 0:

(∫
K |〈x, θ〉|qdx

)1/q ≥ 1
2e(q+1)1/q

1
vold−1(K∩θ⊥)

.

Proof (of Proposition 6.36) We first apply Lemma 6.34 to the functions f ·
1{t≥0} and f · 1{t≤0}. We have, for f · 1{t≥0}:

F(q + 1) =
(

q + 1
‖ f ‖∞

∫ ∞

0
tq f (t)dt

)1/(q+1)

≥ F(1) =
1
‖ f ‖∞

∫ ∞

0
f (t)dt,
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and similarly, f · 1{t≤0}:(
q + 1
‖ f ‖∞

∫ 0

−∞
|t|q f (t)dt

)1/(q+1)

≥ 1
‖ f ‖∞

∫ 0

−∞
f (t)dt

Now, we will add the two inequalities, obtaining:

1
‖ f ‖∞

∫ ∞

0
f (t)dt +

1
‖ f ‖∞

∫ 0

−∞
f (t)dt =

1
‖ f ‖∞

since
∫

R
f (t)dt = vold−1(K) = 1

≤
(

q + 1
‖ f ‖∞

∫ 0

−∞
|t|q f (t)dt

)1/(q+1)

+

(
q + 1
‖ f ‖∞

∫ ∞

0
tq f (t)dt

)1/(q+1)

≤ 2
q

q+1

(
q + 1
‖ f ‖∞

∫ ∞

−∞
|t|q f (t)dt

)
from the inequality: as + bs ≤ 21−s(a + b)s

∀ a, b > 0 and 0 < s < 1

This shows that:∫
K |〈x, θ〉|qdx =

∫ ∞
−∞ |t|

q f (t)dt ≥ 1
‖ f ‖q

∞2q(1+q)

Finally, we can apply Proposition 6.35 to obtain the result. �

Next, we prove a result regarding the isotropic constant of an isotropic un-
conditional convex body. This result is due to Bobkov and Nazarov.

Theorem 6.37 ([13]) Let K be an isotropic unconditional convex body in Rd. Then
L2

K ≤ 1
2

Proof (of Theorem 6.37) Recall the definition of the normalized part K+ of
the body K. K+ has the property, already stated after Definition 6.7 that:

• if x ∈ K+ and 0 ≤ yj ≤ xj, then y ∈ K+

This implies that, if x = (x1, . . . , xd) ∈ K+, then ∏d
j=1
[
0, xj

]
⊆ K+. It follows

that:

∏d
j=1 xj ≤ |K+| = 1 ∀ x ∈ K+

We define the following set:

V =
{

x ∈ Rd
+ : ∏d

j=1 xj ≥ 1
}

V is a convex set and notice that K+and V have disjoint interiors. Therefore,
there exists a hyperplane H of the form

λ1x1 + · · ·+ λdxd = α
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with λj > 0, which touches V at a point y = (y1, . . . , yd) and separates it
from K+. Since H touches V we can choose the λj ’s so that α = d and
∏d

j=1 λj = 1 (we have ∏n
j=1 yj = 1 and we can choose λj = ∏i 6=j yi). Since H

separates V from K+, we have

K+ ⊆
{

x ∈ Rd
+ : λ1x1 + . . . + λdxd ≤ d

}
Next, we can use the arithmetic-geometric means inequality (Theorem A.2),
obtaining:

d

∏
j=1

(∫
K+

xjdx
)λj/d

≤
∫

K+

λ1x1 + · · ·+ λdxd

d
dx ≤ 1.

Now, applying the standard reverse Hölder inequality for f (x) = xj, we get:

4L2
K =

∫
K+

x2
j dx ≤ 2

(∫
K+

xjdx
)2

∀ j = 1, . . . , d

If we set w = λ1+···+λn
n , then

(
2L2

K
)w

=
d

∏
j=1

(
2L2

K
)λj/d ≤

d

∏
j=1

(∫
K+

xjdx
)2λj/d

=

[
d

∏
j=1

(∫
K+

xjdx
)λj/d

]2

≤ 1,

which shows that L2
K ≤ 1/2. �

Finally, we can combine the results obtained above to get the following re-
sult.

Corollary 6.38 Let K be an isotropic unconditional convex body in Rd. Then:

vold−1(K ∩ θ⊥) ≥ 1√
6
∀ θ ∈ Sd−1

Proof (of Corollary 6.38) We get this result by combining Theorem 6.37 with
Proposition 6.36. �

Comparison theorem and Subindependence

To prove the lemmas 6.16, 6.17, which we used in the proof of Lemma 6.11,
we first introduce some results on the geometry of isotropic unconditional
convex bodies and linear functionals on unconditional convex bodies. Let K
be an isotropic unconditional convex body and let T = CdB2

1. Observe that
K ⊆ T, for an appropriate constant C. For instance, C =

√
6 works.

We denote by µK and µT, uniform distributions on K, T respectively. We
start with the following distributional inequality about µK.
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Claim 6.39 ([13]) If K is isotropic unconditional, then ∀ α1, . . . , αd ≥ 0:

µK (|x1| ≥ α1, . . . , |xd| ≥ αd) ≤
(

1− (α1+...+αd)√
6d

)d

Proof (of Claim 6.39) We define a function u : K+ 7→ [0,+∞) by:

u(α1, . . . , αd) = µK (|x1| ≥ α1, . . . , |xd| ≥ αd)

By the Brunn-Minkowski inequality, we can affirm that the function h =
u1/d is concave on K+. Also, observe that, since the function u defines a
probability: u(0) = 1. Also:

∂u(α)
∂αj
|α=0 = − vold−1(Kj),

where Kj are the sections of K defined by: {x ∈ K : xj = 0}. Recall that
we know, from Corollary 4.1.4 that: vold−1(Kj) ≥ 1√

6
. Then, let α ∈ K+ and

consider the function hα : [0, 1] 7→ R, defined by hα(t) = h(αt).

Then:

h
′
α(0) = ∑d

j=1 αj
∂h(α)

∂αj
(0) = ∑d

j=1 αj
1
d

∂u(α)
∂αj

(0) ≤ − α1+...+αd√
6d

Moreover, since h is concave, hα is concave on [0, 1]. Then, it follows that h
′
α

is decreasing on [0, 1]. Consequently:

h(α)− 1 = hα(1)− hα(0) ≤ − α1+...+αd√
6d

From the definition of h follows the claim. �

Now, we will state and prove another claim, based on the previous one, that
will be fundamental in the proof of Lemma 6.16 by Bobkov and Nazarov.

Claim 6.40 ([12]) Let f: Rd 7→ R+ be a function which satisfies:

• f is symmetric with respect to each coordinate i: f (x1, . . . , xd) = f (ε1x1, . . . , εdxd)
∀ x ∈ Rd and for all the choices of signs

• ∃ a function q : Rd
+ 7→ R such that: f (x) =

∫ x1
0 . . .

∫ xd
0 q(z)dz

∀ x = (x1, . . . , xd) ∈ Rd
+

Then, ∀ isotropic 1-unconditional convex body K in Rd, ∀ t ≥ 0:

µK
(
{x ∈ Rd : f (x) ≥ t}

)
≤ µT

(
{x ∈ Rd : f (x) ≥ t}

)
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And, in particular, it follows:

EµK f (x) ≤ EµT f (x)

Proof (of Claim 6.40) The proof will be done in two steps. The first step
involves the proof of the following inequality:

∀ α1, . . . , αd ≥ 0 :

µK (|x1| ≥ α1, . . . , |xd| ≥ αd) ≤ µT (|x1| ≥ α1, . . . , |xd| ≥ αd)

Notice that, without loss of generality we can assume that α = (α1, . . . , αd) ∈
interior(K) so that the left-hand side is > 0. Then, we also have α ∈ T.
Notice that:

µT (|x1| ≥ α1, . . . , |xd| ≥ αd) =
vold−1({x ∈ T : |x1| ≥ α1, . . . , |xd| ≥ αd})

vold−1(T)

=
vold−1((

√
6d− (α1 + . . . + αd)Bd

1)

vold−1(
√

6dBd
1)

=

(
1− (α1 + . . . + αd)√

6d

)d

Recalling the previous claim, it follows that:

µK (|x1| ≥ α1, . . . , |xd| ≥ αd) ≤ µT (|x1| ≥ α1, . . . , |xd| ≥ αd)

Now, we are able to turn to the second part of the proof. First, observe that
what we just proved can be written as:

µK (F(|x|) ≥ t) ≤ µT (F(|x|) ≥ t)

for the function Fα = 1{x1≥α1,...,xd≥αd}. The function Fα corresponds to the
Dirac measure which gives unit mass to the point α. The class {Fα : α ∈
R+} coincides with the extreme points of cone defined by the functions that
satisfy the hypothesis of the claim. Then, the result follows. �

Now, we have all the ingredients to prove the comparison lemma 6.16.

Proof (of Lemma 6.16) We can finally prove the comparison lemma by
Bobkov and Nazarov. Indeed, to apply Claim 6.40 we need to be able to
express f as:

f (x) =
∫ x1

0 . . .
∫ xd

0 q(z)dz ∀ x = (x1, . . . , xd) ∈ Rd
+
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By taking q (x1, . . . , xd) = f
′
1(x1) · . . . · f

′
d(xd), we can recover the result:

E ∏d
i=1 fi (|xi|) ≤ E ∏d

i=1 fi (|yi|) . �

We also prove Lemma 6.17 by Ball and Perissinaki which states the subinde-
pendence (of expectation).

Proof (of Lemma 6.17) This result is due to Ball and Perissinaki, which
stated that the coordinate slabs {|xi| ≤ t} of the `d

p in Rd are subindependent,
if X = (x1, . . . , xd) is sampled from a normalized Lebesgue measure, defined
on the `d

p ball. In particular:

Claim 6.41 ([9]) For any sequence t1, . . . , td of positive numbers,

P
(⋂d

i=1 {|xi| ≥ ti}
)
≤ ∏d

i=1 P ({|xi| ≥ ti})

With this claim, then the result in expected value follows by the Layer cake
representation, ∀ increasing functions fi : R+ 7→ R, on `n

pd-balls. By defining
a function F : Rd 7→ R as: F(y) = ∏d

i=1 fi (|yi|), then:

EF(Y) =
∫ ∞

0 P
(
{y ∈ Rd s.t. : F(Y) ≥ t}

)
dt

Applying Claim 6.41, Lemma 6.17 follows, obtaining:

E
d

∏
i=1

fi (|yi|) ≤
d

∏
i=1

E fi (|yi|) .

Therefore, now we turn to the proof of Claim 6.41.

Proof (of Claim 6.41) Observe that, to prove the claim regarding subinde-
pendence of coordinate slabs, it is enough to prove that:

P
(⋂d

i=1 {|xi| ≥ ti}
)
≤ P (|x1| ≥ t1)P

(⋂d
i=2 {|xi| ≥ ti}

)
�

First, we define the event S as: S :=
⋂d

i=2 {|xi| ≥ ti}. Moreover, for simplicity,
we will call A the `d

p ball in Rd which we are considering. Therefore, the
probability can be written in terms of volume and our goal can be written
as:

vold−1(A ∩ S ∩ {|x1| ≥ t1})
vold−1(A)

≤ vold−1(A ∩ {|x1| ≥ t1})
vold−1(A)

· vold−1(A ∩ S)
vold−1(A)

Consider the following fact:
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• if h : [0, 1] 7→ R is increasing and satisfies:
∫ 1

0 hdµ = αµ[0, 1], for some
positive measure µ and constant α > 0, then:∫ s

0
hdµ ≤ αµ[0, s] for all s ∈ [0, 1]

Thus, we take

h(u) =
vold−1(A ∩ S ∩ {|x1| = 1− u})

vold−1(A ∩ {|x1| = 1− u})
and let

g(u) =
vold−1(A ∩ {|x1| = 1− u})

vold−1(A)

be the density of our measure µ. Then:∫ 1

0
h(u)dµ =

∫ 1

0

vold−1(A ∩ S ∩ {|x1| = 1− u})
vold−1(A ∩ {|x1| = 1− u})

vold−1(A ∩ {|x1| = 1− u})
vold−1(A)

du

=
vold−1(A ∩ S)

vold−1(A)

and ∫ 1−t

0
f (u)dµ =

|A ∩ S ∩ {|x1| ≥ t}|
|A|

Then, applying the fact above by choosing α = |A∩S|
|A| and s = 1− t1 com-

pletes the proof. �





Chapter 7

Case Study: Isotropic Log-concave
Random Vectors

7.1 Preliminaries

The study of spectral properties of random matrices with independent rows
or columns that have log-concave distribution is a line of research where
much progress has been achieved. The underlying reason is that, because of
the high-dimensional nature and of the log-concavity assumption, such ma-
trices behave in, more or less, the same way as matrices with independent
entries.

We will prove that, for the class of log-concave measures, a sample size
linear in the dimension suffices to obtain an approximation of the true co-
variance matrix with ε-accuracy. In Chapter 6, we proved that, when a body
K is invariant under every reflection with respect to coordinate subspaces,
for any ε ∈ (0, 1) there exist C(ε) > 0 such that we can closely approxi-
mate the covariance matrix whenever n ≥ C(ε)d and with high probability.
Finally, the present chapter shows that the same is true for the class of log-
concave distributions and, as a consequence, for an arbitrary body K (in the
isotropic position).
Indeed, the uniform distribution over a convex set is log-concave.
We already introduced the notion of log-concave function in Chapter 6 (Def-
inition 6.32).

In the following, we recall this definition and we introduce the notion of
log-concave measure.

Definition 7.1 A function f : Rd 7→ [0, ∞) is called log-concave if, for any λ ∈
[0, 1]:

f ((1− λ)x + λy) ≥ f (x)1−λ f (y)λ
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Definition 7.2 A random vector X is sampled from a log-concave measure µ if for
any measurable subsets A, B of Rd and any λ ∈ [0, 1]:

P (X ∈ λA + (1− λ)B) ≥ [P (X ∈ A)]λ · [P (X ∈ B)]1−λ

whenever the set

λA + (1− λ)B = {λx1 + (1− λ)x2 : x1 ∈ A, x2 ∈ B}

is measurable.

The Brunn-Minkowski inequality, Theorem 6.8, provides examples of log-
concave measures.

A version of Borell’s lemma, Theorem 6.9, holds true in the more general
context of log-concave probability measures.

Lemma 7.3 Let X be a random vector sampled from a log-concave measure on Rd.
Then, for any symmetric convex set A in Rd with P(X ∈ A) = α ∈ (0, 1) and any
t > 1 we have:

1−P(X ∈ tA) ≤ α
( 1−α

α

) t+1
2

7.2 Main Result

The question that we discuss in this chapter was posed by Kannan, Lovász,
and Simonovits [28] and has its origin in the problem of finding a fast al-
gorithm for the computation of the volume of a given convex body. In a
more general probability setting, it can be stated as a covariance estimation
problem.
Consider an isotropic log-concave random vector X ∈ R and a sequence
{Xi}n

i=1 of independent copies of X. We want to study the rate of conver-
gence of the sample covariance matrix to the identity matrix Σn, the true
covariance matrix.

Question 7.4 Given ε ∈ (0, 1), what is the minimal value of n for which we can
guarantee, with high probability, that:

‖Σn − I‖ ≤ ε ?

This question was optimally and comprehensively answered by Adamczak,
Litvak, Pajor, and Tomczak-Jaegermann.
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Theorem 7.5 ([2]) Let X1, . . . , Xn be i.i.d. isotropic log-concave random vectors in
Rd. ∀ ε ∈ (0, 1) and t ≥ 1, ∃ C(ε, t) > 0 such that if n ≥ C(ε, t) · d then, with
probability greater than 1− e−ct

√
d we have:

‖Σn − I‖ ≤ ε,

where c > 0 is an absolute constant.

7.3 The main technical step

We will present, now, the main technical step needed to prove Theorem
7.5. First, we introduce the definition of norm of a restriction of the matrix
X ∈ Rd×n, constructed by setting the vectors X1, . . . , Xn as columns.

Definition 7.6 Let X1, . . . , Xn be i.i.d random vectors in Rd. Consider a d × n
random matrix X whose columns are Xi’s. We denote the operator norm of X by
‖X‖. Then, ∀ 1 ≤ m ≤ n, we define:

Xm = sup z ∈ Sn−1 s.t.
| supp(z)| ≤ m

‖Xz‖2

Observe that Xm increases with m and that for m = n we recover the stan-
dard definition of the norm ‖X‖.

The main technical step necessary for the proof of Theorem 7.5 is an upper
bound for Xm.

Theorem 7.7 ([2]) Let n, d be positive integers with d ≤ n ≤ e
√

d. Consider n
i.i.d. isotropic log-concave random vectors X1, . . . , Xn in Rd. Then, ∀ t ≥ 1:

P
(
∃ m ≤ n : Xm ≥ Ct

(√
d +
√

m log 2n
m

))
≤ e−ct

√
d,

where C, c > 0 are absolute constants.

From the observation above, then this theorem implies an upper bound for
the operator norm ‖X‖.

Corollary 7.8 ([2]) Let n, d be positive integers with d ≤ n ≤ e
√

d. Consider n
i.i.d. isotropic log-concave random vectors X1, . . . , Xn in Rd. Let X be the d × n
matrix whose columns are the Xi’s. Then, ∀ t ≥ 1, with probability greater than
1− exp(−ct

√
d) we have:

‖X‖ ≤ Ct(
√

d +
√

n),
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7. Case Study: Isotropic Log-concave Random Vectors

where C, c > 0 are absolute constants.

We also need some auxiliary results that we enclose in the following claim.

Claim 7.9 Let n, d be positive integers with d ≤ n ≤ e
√

d. Consider n i.i.d.
isotropic log-concave random vectors X1, . . . , Xn in Rd. Then:

1. ∃ an absolute constant δ > 0 such that: ‖〈Xi, t〉‖ψ1 ≤ δ, ∀ t ∈ Sd−1,
∀ 1 ≤ i ≤ n. This means that if a measure is log-concave then its linear
functionals exhibit a sub-exponential decay

2. For every n ≤ e
√

d and for every t ≥ 1, we have, with probability greater
than 1− e−t

√
d:

max1≤i≤n ‖Xi‖2 ≤ Ct
√

d

3. For every x1, . . . , xn ∈ Rd, ∃ E ⊂ {1, . . . , n} such that:

∑i 6=j〈xi, xj〉 ≤ 4 ∑i∈E ∑j∈Ec〈xi, xj〉

4. Given E ⊂ {1, . . . , n} with |E| = m and ε, α ∈ (0, 1), we can choose an
ε-net N of Bn

2 ∩ αBn
∞ ∩RE, with respect to the Euclidean metric, that has

cardinality:

|N | ≤
( 3

ε

)m

Proof (of Claim 7.9) We prove the first of the four claims.

1. This result follows from Borell’s Lemma, Theorem 7.3. Indeed, we can
affirm that:

P(〈Xi, t〉 > δ) ≤ E〈Xi, t〉2
δ2

by Markov’s
inequality

=
1

100
by the isotropic

assumption and choosing δ = 10

Therefore, if µX is the log-concave distribution from which X1, . . . , Xn
are sampled, one can say that µX({t : 〈Xi, t〉 ≤ δ}) > 0.9 = θ > 1

2 .
Therefore, we can finally apply Borell’s Lemma and obtain:

P(〈Xi, t〉 > δ) ≤ θ ·
( 1−θ

θ

) 1+t
2 ≤ e−t ∀ t > 1

It follows that ‖〈Xi, t〉‖ψ1 ≤ δ.

The second claim is a consequence of Paouris’ inequality, Theorem 7.16.

2. From Paouris’ inequality, Theorem 7.16, we know that it holds:

P(‖Xi‖2 ≥ C1t
√

d) ≤ e−t
√

d ∀ 1 ≤ i ≤ n and ∀ t ≥ 1

Then, by union bound and recalling that we assumed n ≤ e
√

d the
result follows, adjusting absolute constants.
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We prove, now, the third claim.

3. Observe that, if (ε i)
n
i=1 are independent Bernoulli random variables,

then:

E〈∑n
i=1 ε ixi, ∑n

j=1(1− ε j)xj〉 = 1
4 ∑i 6=j〈xi, xj〉

Therefore, the result follows.

The last of the claims, instead, follows from a standard volume estimate. �

Remark 7.10 In the following of this Chapter, for any set E that appears in the
argument, we will be fixing an ε-net of Bn

2 ∩ αBn
∞ ∩ RE that satisfies the fourth

result from Claim 7.9.
Moreover, we will denote it by N (E, ε, α).

To proceed with the proof of Theorem 7.7, we also need the two following
lemmas.

Lemma 7.11 ([2]) Let X1, . . . , Xn be i.i.d. isotropic log-concave random vectors in
Rd. Then, if m ≤ n, ∀ ε, α ∈ (0, 1] and L ≥ 2m log 24en

mε , we have:

P
(

supF,E,z ∑i∈E

∣∣∣〈ziXi, ∑j∈F\E zjXj

〉∣∣∣ > ραLXm

)
≤ e−L/2,

where supF,E,z denotes the triple supremum taken over all F ⊂ {1, . . . , n} with
|F| ≤ m, all E ⊂ F and all z ∈ N (F, ε, α). Moreover, the constant ρ is the one
such that ‖〈Xi, t〉‖ψ1 ≤ δ ∀ 1 ≤ i ≤ n.

Proof (of Lemma 7.11) Denote the underlying probability space by Ω. For
F ⊂ {1, . . . , n} with |F| ≤ m, E ⊂ F, and z ∈ N (F, ε, α), define the subset
Ω(F, E, z) of Ω by:

Ω(F, E, z) =
{

∑i∈E

∣∣∣〈ziXi, ∑j∈F\E zjXj

〉∣∣∣ > ραLXm

}

Fix (F, E, z) and set Y = ∑j∈F\E zjXj. Since the Xi’s are independent by as-
sumption, then Y is independent from Xi, for i ∈ E. Moreover, by definition
of Xm, we have ‖Y‖2 ≤ Xm.
Note that, if ω ∈ Ω(F, E, z) then Y(ω) 6= 0. Indeed, if this was not the case,
we would have that 〈ziXi, Y〉 = 0 for all i ∈ E and the condition in the defi-
nition of Ω(F, E, z) would not be satisfied.
Thus, using also the fact that ‖z‖∞ ≤ α, which follows from the definition
of N (F, ε, α), we obtain:
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∑
i∈E
|〈ziXi, Y〉| ≤ ∑

i∈E
|zi| · |〈Xi, Y〉| ≤ α ∑

i∈E
|〈Xi, Y〉| since

‖z‖∞ ≤ α

= α‖Y‖2 ∑
i∈E

∣∣∣∣〈Xi,
Y
‖Y‖2

〉∣∣∣∣
≤ αXm ∑

i∈E

∣∣∣∣〈Xi,
Y
‖Y‖2

〉∣∣∣∣ since
‖Y‖2 ≤ Xm

Since Xm ≥ ‖Y‖2 > 0, we have:

P(Ω(F, E, z)) = P

({
∑
i∈E
|〈ziXi, Y〉| > ραLXm

})
from the definition

of Ω(F, E, z)

≤ P

({
αXm ∑

i∈E

∣∣∣∣〈Xi,
Y
‖Y‖2

〉∣∣∣∣ > ραLXm

})
from the

inequality above

≤ P

(
∑
i∈E

∣∣∣∣〈Xi,
Y
‖Y‖2

〉∣∣∣∣ > ρL

)

Using Markov’s inequality and since by the first of the four assertions in
Claim 7.9 we have that ‖〈Xi, t〉‖ψ1 ≤ ρ ∀ 1 ≤ i ≤ n and t ∈ Sd−1:

P

(
∑
i∈E

∣∣∣∣〈Xi,
Y
‖Y‖2

〉∣∣∣∣ > ρL

)
= P

(
exp

(
1
ρ ∑

i∈E

∣∣∣∣〈Xi,
Y
‖Y‖2

〉∣∣∣∣
)

> eL

)

≤
E exp

(
1
ρ ∑i∈E

∣∣∣〈Xi, Y
‖Y‖2

〉∣∣∣)
eL

by Markov’s
inequality

≤ 2|E|

eL ≤
2m

eL

Finally, by taking the union bound over all (F, E, z) and taking into account
the forth statement from Claim 7.9, we get:

P

sup
F,E,z

∑
i∈E

∣∣∣∣∣∣
〈

ziXi, ∑
j∈F\E

zjXj

〉∣∣∣∣∣∣ > ραLAm


≤
[(

m

∑
k=1

(
n
k

)
2k

)(
3
ε

)m
]

sup
F,E,z

P(Ω(F, E, z)) by union bound
and |N | ≤

( 3
ε

)m

≤
m

∑
k=1

(
n
k

)
2k
(

3
ε

)m 2m

eL ≤
(

m

∑
k=1

(
2en

k

)k
)(

3
ε

)m 2m

eL
by the standard

inequality of Theorem A.1

≤
(

4en
m

)m (6
ε

)m

e−L =

(
24en
mε

)m

e−L = exp
(

m log
24en
mε
− L

)
,
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where in the last row we used that
( 2en

k

)k is an increasing function of k,

which implies ∑m
k=1
( 2en

k

)k ≤ m ·
( 2en

m

)m ≤
( 4en

m

)m
.

Since we assumed L ≥ 2m log 24en
mε then m log 24en

mε ≤
L
2 , which implies the

result. �

The second lemma we need is of the same type.

Lemma 7.12 ([2]) Let X1, . . . , Xn be i.i.d. isotropic log-concave random vectors in
Rd. Let 1 ≤ k, m ≤ n, ε and let ε, α ∈ (0, 1], β > 0, and L > 0.
We write B(m, β) for the set of all vectors x ∈ βBn

2 with | supp x| ≤ m. We also
consider a subset B of B(m, β) with cardinality equal to M. Then:

P
(

supF,x,z ∑i∈F

∣∣∣〈ziXi, ∑j/∈F xjXj

〉∣∣∣ > ραβLXm

)
≤ M

( 12en
kε

)k e−L,

where supF,x,z denotes the triple supremum taken over all F ⊂ {1, . . . , n} with
|F| ≤ k, all x ∈ B(m, β) and all z ∈ N (F, ε, α). Moreover, the constant ρ is the
one such that ‖〈Xi, t〉‖ψ1 ≤ δ ∀ 1 ≤ i ≤ n.

Proof (of Lemma 7.12) For F ⊂ {1, . . . , n} with |F| ≤ k and every x ∈
B(m, β), and z ∈ N (F, ε, α), we define:

Ω(F, x, z) =
{

ω ∈ Ω : ∑i∈F

∣∣∣〈ziXi, ∑j/∈F xjXj

〉∣∣∣ > ραβLXm

}
We fix (F, x, z) and we set Y = ∑j/∈F xjXj. Since the Xi’s are independent, Y
is independent of all the vectors Xi, for i ∈ F.
Moreover, ‖Y‖2 ≤ βXm. Note that, as in the proof of Lemma 7.11, we have
that if ω ∈ Ω(F, x, z) then Y(ω) 6= 0. Then, using the fact that ‖z‖∞ ≤ α:

∑i∈F |〈ziXi, Y〉| ≤ αβXm ∑i∈F

∣∣∣〈Xi, Y
‖Y‖2

〉∣∣∣
Now, since Xm ≥ ‖Y‖2

β , we have:

P(Ω(F, x, z)) = P

(
sup
F,x,z

∑
i∈F
|〈ziXi, Y〉| > ραβLXm

)

≤ P

(
∑
i∈F

∣∣∣∣〈Xi,
Y
‖Y‖2

〉∣∣∣∣ > ρL

)
by the previous

inequality and Xm ≥ ‖Y‖2
β

≤
E exp

(
1
ρ ∑i∈F

∣∣∣〈Xi, Y
‖Y‖2

〉∣∣∣)
eL

by Markov’s
inequality

≤ 2|F|e−L ≤ 2ke−L.
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Taking the union bound, proceeding in a similar way as in Lemma 7.11:

P

(
sup
F,x,z

∑
i∈F

∣∣∣∣∣
〈

ziXi, ∑
j/∈F

xjXj

〉∣∣∣∣∣ > ραβLXm

)

≤
(

k

∑
l=1

(
n
l

))
·M

(
3
ε

)k

· sup
F,x,z

P (Ω(F, x, z))

≤ M
(

3
ε

)k

2ke−L

(
k

∑
l=1

(
2en

l

)l 1
2l

)
≤ M

(
3
ε

)k

2ke−L
(

2en
k

)j

= Me−L
(

12en
εk

)k

,

which proves the result. �

We can finally prove Theorem 7.7, the main technical step we will need for
the proof of the main result Theorem 7.5.

Proof (of Theorem 7.7) Since we have the assumption n ≤ e
√

d, the union
bound shows that, to prove the main result, it is enough to check that, for t
large enough, adjusting the absolute constants and for any fixed m ≤ n, we
have:

P

(
Xm ≥ Ct

(√
d +
√

m log
2n
m

))
≤ e−ct

√
d (7.1)

Therefore, we will proceed with this scope in mind.
We define a finite setM ⊆ Rd, with | support(M)| ≤ m. This set will serve
the following purposes:

• we will estimate supx∈M ‖Xx‖2 with high probability

• usingM, we will approximate any point from Bn
2 with at most m non-

zero coordinates

Let’s start with the first item on the list.
Note that if for some x ∈ Sn−1 we know that | support(x)| ∼ s and
‖x‖∞ ≤ 1√

s for some s ≥ 1, then we can estimate ‖Xx‖2 with probability
close to one. To see this fact, we need to construct the set M such that
it will consist of sums of vectors with disjoint support that roughly satisfy
these two conditions. Therefore, to make this more precise, we define M,
distinguishing two cases:

1. First case Assume that m log 96en
m ≤

√
d. Then, we set:

M = ∪E ⊂ {1, . . . , n}
|E| = m

N
(
E, 1

4 , 1
)
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2. Second case Assume m log 96en
m >

√
d and consider the smallest integer

` for which: m
2` log 96·2`en

m ≤
√

d.
Fix some positive integers a0, a1, . . . , a` so that the next three conditions
are satisfied:

(i) ∑`
k=0 ak = m

(ii) ak ≤ m · 2−k+1 ∀ 1 ≤ k ≤ `

(iii) a0 ≤ m · 2−`

Then, we setM =M0 ∩ 2Bn
2 , whereM0 is the set of all vectors of the

form x = ∑`
k=0 xk, where the xi’s have disjoint supports and:

x0 ∈ ∪E ⊂ {1, . . . , n}
|E| ≤ a0

N
(
E, 1

4 , 1
)

and

xk ∈ ∪E ⊂ {1, . . . , n}
|E| ≤ ak

N
(

E, 2−k,
√

2k

m

)
for 1 ≤ k ≤ `

Observe that, if x ∈ M, then | support(x)| ≤ ∑`
k=0 ak = m, and, since

M =M0 ∩ 2Bn
2 , ‖x‖2 ≤ 2.

We will prove that in both cases we are able to achieve such purposes.

1. Let’s begin with the proof of the first case. In this case, observe that
M is the union of several ε-nets, therefore we can affirm thatM is an
ε-net of Bn

2 ∩ αBn
∞ ∩

(
∪RE), with ε = 1

4 and α = 1. Now, we fix x ∈ M
and denote the coordinates of x by x(i), for 1 ≤ i ≤ n. Then, we have:

‖Xx‖2
2 =

〈
n

∑
i=1

x(i)Xi,
n

∑
j=1

x(j)Xj

〉

=
n

∑
i=1

x(i)2 ‖Xi‖2
2 + ∑

i 6=j

〈
x(i)Xi, x(j)Xj

〉
≤

n

∑
i=1

x(i)2 ·
(

max
i
‖Xi‖2

2

)
+ ∑

i 6=j

〈
x(i)Xi, x(j)Xj

〉
≤ 1 ·max

i
‖Xi‖2

2 + Dx ≤ 2 max
{

max
i
‖Xi‖2

2 , Dx

}
,

(7.2)

where Dx = ∑i 6=j
〈

x(i)Xi, x(j)Xj
〉
.

Observe that, from the second assertion of Claim 7.9, we know that
maxi ‖Xi‖2 ≤ C0t

√
d with probability greater than 1− e−t

√
d. The goal

is to find an equivalent estimate also for the second term in the maxi-
mum above, Dx.
By the third statement of Claim 7.9, there exists a set E ⊂ {1, . . . , n}
such that:
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Dx = ∑
i 6=j

〈
x(i)Xi, x(j)Xj

〉
≤ 4 ∑

i∈E
∑

j∈Ec

〈x(i)Xi, x(j)Xj〉

≤ 4 max
F⊂{1,...,n}
|F|=m

max
E⊂F

max
v∈N (F, 1

4 ,1)
∑
i∈E

∣∣∣∣∣∣
〈

viXi, ∑
j∈F\E

vjXj

〉∣∣∣∣∣∣
Therefore, we can apply Lemma 7.11, with L = 2t

√
d, ε = 1

4 and α = 1
to obtain:

P

(
max
x∈M

Dx > 8t
√

dρXm

)
≤ e−t

√
d (7.3)

2. For the second case, we fix x ∈ M and write x = ∑`
k=0 xk. We denote

the support of xk by Fk, and the coordinates of x by x(i), for 1 ≤ i ≤ n.
Then, we have:

‖Xx‖2
2 =

〈
n

∑
i=1

x(i)Xi,
n

∑
j=1

x(j)Xj

〉

=
n

∑
i=1

x(i)2 ‖Xi‖2
2 + ∑

i 6=j

〈
x(i)Xi, x(j)Xj

〉
≤

n

∑
i=1

x(i)2 ·
(

max
i
‖Xi‖2

2

)
+ ∑

i 6=j

〈
x(i)Xi, x(j)Xj

〉
≤ 2 max

i
‖Xi‖2

2 + Dx ≤ 2 max
{

4 max
i
‖Xi‖2

2 , Dx

}
,

(7.4)

where Dx = ∑i 6=j
〈

x(i)Xi, x(j)Xj
〉
.

From the second assertion of Claim 7.9, we know that
maxi ‖Xi‖2 ≤ C0t

√
d with probability greater than 1− e−t

√
d.

Now, we would like to have a similar estimate for Dx. Therefore, we
split Dx into two parts, corresponding to the construction of x :

• D′x = ∑`
k=0 ∑i,j∈Fk

i 6=j

〈
x(i)Xi, x(j)Xj

〉

•

D′′x =
`

∑
k=0

∑
i∈Fk
j∈Fc

k

〈
x(i)Xi, x(j)Xj

〉

= 2
`

∑
k=1

∑
i∈Fk

∑
r∈Gk

〈
x(i)Xi, ∑

j∈Fr

x(j)Xj,

〉
where Gk = {0, k + 1, k + 2, . . . , `}.
Following this split, observe that: Dx = D′x + D′′x . The problem has
turned into the estimation of D′x and D′′x . To accomplish this task, we
will use the third statement of Claim 7.9 and Lemma 7.11.
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We start with the estimation of D′x. For every k there exists a subset F′k
of Fk, the support of xk, such that:

D′x ≤ 4
l

∑
k=0

∑
i∈F′k

j∈Fk\F′k

〈
x(i)Xi, x(j)Xj

〉
from the third statement

of Claim 7.9

≤ 4 max
F⊂{1,...,n}
|F|≤ m

2l

max
E⊂F

max
v∈N (F, 1

4 ,1)
∑
i∈E

∣∣∣∣∣∣
〈

viXi, ∑
j∈F\E

vjXj

〉∣∣∣∣∣∣ recalling that
x = ∑`

i=0 = x0 + ∑`
k=1 xk

+ 4
`

∑
k=1

max
F⊂{1,...,N}
|F|≤ 2m

2k

max
E⊂F

max
v∈N

(
F,2−k ,

√
2k
m

) ∑
i∈E

∣∣∣∣∣∣
〈

viXi, ∑
j∈F\E

vjXj

〉∣∣∣∣∣∣
Now, we will use Lemma 7.11 to bound the two terms in the sum
above.

a) To bound the first term, by choosing L = 2t
√

d, ε = 1
4 , α = 1, we

obtain:

P
(

supF,E,N ∑i∈E

∣∣∣〈viXi, ∑j∈F\E vjXj〉
∣∣∣ > ραLXm

)
≤ e−L/2 = e−t

√
d

Then, it follows that:

P
(

4 supF,E,v ∑i∈E

∣∣∣〈viXi, ∑j∈F\E vjXj〉
∣∣∣ > 8t

√
dρXm

)
≤ e−t

√
d

b) To bound the second term, by choosing L = 4mt
2k log 24en·4k

m ,

ε = 2−k, α =
√

2k

m , we get:

P
(

supF,E,v ∑i∈E

∣∣∣〈viXi, ∑j∈F\E vjXj〉
∣∣∣ > ραLXm

)
≤ e−L/2

Then, it follows that:

P

4
`

∑
k=1

sup
F,E,v

∑
i∈E

∣∣∣∣∣∣〈viXi, ∑
j∈F\E

vjXj〉

∣∣∣∣∣∣ > 2ρtXm

`

∑
k=1

√
2k

m
8m
2k log

(
24 · 4ken

m

)
≤

`

∑
k=1

exp
(
−t

2m
2k log

(
24en4k

m

))

≤
`

∑
k=1

max
k

[
exp

(
−t

2m
2k log

(
24en4k

m

))]
≤ ` · exp

(
−t

2m
2`

log
24 · 4`en

m

)
Then, by union bound and putting together the bounds we just found
for the two terms above, we finally obtain the bound for D′x:
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P

(
max
x∈M

D′x > 8ρtXm
√

d + 2ρtXm

`

∑
k=1

√
2k

m
8m
2k log

24 · 4ken
m

)

≤ exp(−t
√

d) + ` exp
(
−t

2m
2`

log
24 · 4`en

m

)
Therefore, by the choice of ` we made in the Second case, and the fact
that ` ≤ 2

√
d, since m ≤ n ≤ e

√
d ), we see that there exists an absolute

constant C > 0 such that:

P

(
max
x∈M

D′x > tXm

(
8ρ
√

d + Cρ
√

m log
2n
m

))
≤ exp(−t

√
d) + ` exp(−t

√
d) ≤ (2

√
d + 1) exp(−t

√
d).

Now that we have found an estimate for D′x, we can find an estimate
for D′′x . This process will be carried out in a similar way.
For every 1 ≤ k ≤ `, consider the set Mk = M′

k ∩ 2Bn
2 , where M′

k is
the set of all vectors of the form x = x0+ ∑`

s=k+1 xs, where the xi ’s
have disjoint supports for s ≥ k + 1, and are such that:

x0 ∈
⋃

E⊂{1,...,n}
|E|≤a0

N
(
E, 1

4 , 1
)

and

xs ∈
⋃

E⊂{1,...,n}
|E|≤as

N
(

E, 2−s,
√

2s

m

)
, ∀ s ≥ k + 1

Now, observe that from the definition ofMk, we have thatMk ⊂ 2Bn
2

and recall, from the forth statement in Claim 7.9 that |N | ≤
( 3

ε

)m.
Therefore, we can find the following bound on the size ofMk:

|Mk| ≤
[(

3
1/4

)a0
(

n
a0

)] `

∏
s=k+1

(
3

2−s

)as
(

n
as

)
recalling that

x = x0 + ∑`
s=k+1 xs

≤
(

12en
a0

)a0 `

∏
s=k+1

(
3 · 2sen

as

)as
from the basic inequality

of Theorem A.1

≤ exp

(
m
2`

log
12 · 2`en

m
+

`

∑
s=k+1

2m
2s log

3 · 4sen
2m

)
from the bounds
on |a0| and |ak |

≤ exp

(
`+1

∑
s=k+1

2m
2s log

3 · 4sen
2m

)

≤ exp

(
m
2k

(
log

6 · 4keN
m

`−k

∑
s=0

1
2s + log 4

`−k

∑
s=1

s
2s

))

≤ exp
(

4m
2k log

6 · 4ken
m

)
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Moreover, observe that:

D′′x = 2
`

∑
k=1

∑
i∈Fk

〈
x(i)Xi, ∑

r∈Gk

∑
j∈Fr

x(j)Xj

〉

≤ 2
`

∑
k=1

max
F⊂{1,...,N}
|F|≤ 2m

2k

max
u∈N

(
F,2−k ,

√
2k
m

) max
v∈Mk

∑
i∈F

∣∣∣∣∣
〈

uiXi, ∑
j∈Fc

vjXj

〉∣∣∣∣∣
Then, notice that we can apply Lemma 7.12 to every term of the sum

∑`
k=1, using Lk =

12m
2k t log 12·4ken

m , εk = 2−k, αk =
√

2k

m , β = 2, Bk =Mk.
We obtain:

P

(
D′′x > 48ρtXm

`

∑
k=1

√
2k

m
m
2k log

12 · 4ken
m

)

≤
`

∑
k=1

exp
(

4m
2k log

6 · 4ken
m

+
2m
2k log

6 · 4ken
m

− t
12m
2k log

12 · 4ken
m

)

≤
`

∑
k=1

exp
(
−t

6m
2k log

12 · 4ken
m

)
≤ ` exp

(
−t

6m
2`

log
12 · 4`en

m

)
As in the case of D′x, one can check that:

P
(
maxx∈M D′′x > 3CρXmt

√
m log 2n

m

)
≤ 2
√

d exp(−t
√

d),

where C > 0 is an absolute constant.
Now that we have found appropriate bounds for D′x and D′′x ,
since Dx = D′x + D′′x , we have that:

P

(
max
x∈M

Dx > Xmt
(

8ρ
√

d + 4Cρ
√

m log
2n
m

))
≤ (4
√

d + 1) exp(−t
√

d)
(7.5)

Now that we have found, for both the First case and the Second case, a
bound on Dx, we need to finish proving that the way we’ve constructed the
setM allows us to approximate any vector from the set Bn

2 , whose support
has a cardinality of m or less, using a vector fromM.

We consider z ∈ Sn−1 with | supp(z)| ≤ m and denote its coordinates by zi,
1 ≤ i ≤ n. We can find n1, . . . , nm so that |zn1 | ≥ |zn2 | ≥ · · · ≥ |znn |, and
zni = 0 if i > m.
If m log 96en

M ≤
√

d, then we can consider only the support of z, which we
denote by E0.
Otherwise, we set:

• E0 = {ni}1≤i≤ m
2`
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• E1 = {ni} m
2 <i≤m

• E2 = {ni} m
4 <i≤m

2

...

• E` = {ni} m
2`
<i≤ m

2`−1

where ` is the least integer satisfying: m
2` log 96·2`en

m ≤
√

d.
Then, it is clear that:

• a0 := |E0| ≤ m
2`

• ak := |Ek| ≤ m
2k + 1 ≤ m

2k−1 , for 1 ≤ k ≤ `

• and ∑`
i=0 ai = m

Observe that the quantities ak’s do not depend on z ∈ Sn−1, although the
sets Ek’s do.
We denote by PEk z the projection of the vector z onto the set Ek. Then,
observe that for every k ≥ 1 we have:

‖PEk z‖∞ ≤ |zns | ≤
√

2k

m ,

where s =
⌊

m
2k

⌋
.

Thus, for every k ≥ 1 the vector PEk z can be approximated by a vector in the

net N
(

Ek, 2−k,
√

2k

m

)
and the vector PE0 z can be approximated by a vector

in the net N
(
E0, 1

4 , 1
)
.

Then, we can find x ∈ M of the form x = ∑`
k=0 xk, such that:

‖z− x‖2
2 ≤ ∑`

k=0 ‖PEk z− xk‖2
2 ≤

( 1
4

)2
+ ∑`

k=1
(
2−k)2

< 4
10

Moreover, x is chosen to have the same support as z, i.e. supp(x) = supp(z),
therefore the vector w = z− x satisfies | supp(w)| ≤ m.
Therefore, we can approximate any vector z with x ∈ M.

Considering all z ∈ Sn−1 with | supp(z)| ≤ m, it follows:

Xm = max
z∈Sn−1

| supp(z)|≤m

‖Xz‖2 ≤ max
x∈M
‖Xx‖2 +

√
4
10
· max

w∈Sn−1

| supp(w)|≤m

‖Xw‖2

= max
x∈M
‖Xx‖2 +

√
4

10
Xm,
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Thus, it follows that:

Xm ≤ 1
1−
√

4
10

maxx∈M ‖Xx‖2 ≤ 3 maxx∈M ‖Xx‖2

And from the inequalities (7.2), (7.4), we get:

X2
m ≤ 9 maxx∈M ‖Xx‖2

2 ≤ 9 max
{

8 maxi ‖Xi‖2
2 , 2 maxx∈M Dx

}
Finally, using what we just found, the second assertion of Claim 7.9, and the
bound on Dx of inequalities (7.3), (7.5), we find:

P

(
Xm ≤ Ctρ

(√
d +
√

m log
2n
m

))
≥ 1− c′

√
de−c1t

√
d

≥ 1− exp(−ct
√

d),

where C, c > 0 are absolute constants. This proves Theorem 7.7. �

7.4 Proof of the Main Result

Finally, we are almost ready to prove the Main Result of this Chapter, Theo-
rem 7.5. Let X1, . . . , Xn be i.i.d. isotropic log-concave random vectors in Rd.
Our aim is to estimate:

maxθ∈Sd−1

∣∣∣ 1
n ∑n

i=1

(
〈Xi, θ〉2 − 1

)∣∣∣
The next lemma will allow us to work with a finite set of points θ in Sn−1.

Lemma 7.13 ([2]) Let x1, . . . , xn ∈ Rd. Let γ, ε ∈ (0, 1) and let N be a γε-net for
Sn−1. Then:

maxθ∈N

∣∣∣ 1
n ∑n

i=1

(
〈xi, θ〉2 − 1

)∣∣∣ ≤ ε

implies

maxθ∈Sd−1

∣∣∣ 1
n ∑n

i=1

(
〈xi, θ〉2 − 1

)∣∣∣ ≤ c1(γ)ε,

where c1(γ) > 0 is a constant depending only on γ.

Proof (of Lemma 7.13) We define a semi-norm ‖ · ‖x on Rd by

‖y‖x =
(

1
n ∑n

i=1 〈xi, y〉2
)1/2
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Then, from the assumption of the Lemma, we have

1− ε ≤
√

1− ε ≤ maxθ∈N ‖θ‖x ≤
√

1 + ε ≤ 1 + ε,

Since N is a γε-net, we can use Lemma 2.17 and, together with the triangle
inequality and the homogeneity of ‖ · ‖x, we get:

maxθ∈Sd−1 ‖θ‖x ≤ 1+ε
1−2γε =

1−2γε+2γε+ε
1−2γε ≤ 1 + 2γ+1

1−2γ ε

For the lower bound, we consider any θ ∈ Sd−1 and find θ1 ∈ N such that
‖θ− θ1‖2 ≤ γε. Then,

‖θ‖x ≥ ‖θ1‖x − ‖θ − θ1‖x ≥ (1− ε)− γε
(

1 + 2γ+1
1−2γ ε

)
≥ 1− 2γ+3

1−2γ ε

This shows that |‖θ‖x− 1| ≤ c1(γ)ε, where c1(γ) =
2γ+3
1−2γ . Observe that, since

t 7→ t2 is Lipschitz with constant 2 (1 + c1(γ)) on the interval [0, 1 + c1(γ)],
we get:

maxθ∈Sd−1

∣∣∣ 1
n ∑n

i=1

(
〈xi, θ〉2 − 1

)∣∣∣ ≤ c2(γ)ε,

where c2(γ) = 2 (1 + c1(γ)). �

We also need the following Bernstein-type inequality for the proof of Theo-
rem 7.5.

Lemma 7.14 Let Z1, . . . , Zn be i.i.d. random variables with E (Zi) = 0,
‖Zi‖∞ ≤ a and Var (Zi) = E

(
Z2

i
)
= σ2. Then, for all s > 0:

P (Z1 + · · ·+ Zn ≥ s · n) ≤ exp
(
− 3n

8 min
{

s2

σ2 , s
a

})
Proof (of Lemma 7.14) Let s > 0. Then:

P

(
n

∑
j=1

Zj ≥ sn

)
= P

(
exp

(
λ

n

n

∑
j=1

Zj

)
≥ eλs

)
for λ ¿ 0

≤
E exp

(
λ
n ∑n

j=1 Zj

)
eλs

by Markov’s
inequality

= e−λs
n

∏
j=1

E exp
(

λZj

n

)
by independence

Next, observe that:
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E exp
(

λZj

n

)
= 1 +

∞

∑
k=2

λkE
(

Zk
j

)
nkk!

≤ 1 + E
(

Z2
j

) ∞

∑
k=2

λkak−2

nkk!

= 1 +
σ2

a2

(
e

λa
n − λa

n
− 1
)

Also, since 1 + u ≤ eu for all u ∈ R, we get:

∏n
j=1 E exp

(
λZj

n

)
≤ exp

(
σ2n
a2

(
e

λa
n − λa

n − 1
))

Therefore, using this result in the inequality obtained with Markov’s inequal-
ity:

P
(

∑n
j=1 Zj ≥ sn

)
≤ exp

(
σ2n
a2

(
e

λa
n − λa

n − 1
)
− λs

)
,

for all λ > 0.
We choose λ so that exp(λa

n ) = 1 + s
σ2 . This leads to the bound:

P
(

∑n
j=1 Zj ≥ sn

)
≤ exp

(
− σ2n

a2 F
( as

σ2

))
,

where F(r) = (1 + r) log(1 + r)− r, for r > 0.
Now, it remains to check that F(r) ≥ r2

2+ 2r
3

, and this implies the assertion of

the lemma, because F(r) ≥ 3r
8 if r ≥ 1 and F(r) ≥ 3r2

8 if 0 < r < 1. �

With these two lemmas and the main technical step (Theorem 7.7), we can
finally prove Theorem 7.5.

Proof of Theorem 7.5

We fix γ, η ∈ (0, 1) and a γη-net N of Sd−1 with cardinality |N | ≤
(

3
γη

)d
.

Thanks to Lemma 7.12, our goal is now to estimate:

maxθ∈N

∣∣∣ 1
n ∑n

i=1

(
〈Xi, θ〉2 −E

(
〈Xi, θ〉2

))∣∣∣
Fix B > 1 that will be specified later and write:
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max
θ∈N

∣∣∣∣∣ 1n n

∑
i=1

(
〈Xi, θ〉2 −E

[
〈Xi, θ〉2

])∣∣∣∣∣
≤ 1

n
max
θ∈N

∣∣∣∣∣ n

∑
i=1

(
min (|〈Xi, θ〉|, B)2 −E

[
min (|〈Xi, θ〉|, B)2

])∣∣∣∣∣ (A)

+ max
θ∈N

1
n

n

∑
i=1

(
|〈Xi, θ〉|2 − B2) 1{|〈Xi ,θ〉|≥B} (B)

+ max
θ∈N

1
n

E

[
n

∑
i=1

(
|〈Xi, θ〉|2 − B2) 1{|〈Xi ,θ〉|≥B}

]
, (C)

We want to estimate each term (A), (B), and (C) separately.

• (A) In order to control the first term, for fixed θ ∈ Sd−1 we apply
Bernstein-type inequality from Lemma 7.14 for the random variables

Zi = min (|〈Xi, θ〉|, B)2 −E
[
min (|〈Xi, θ〉|, B)2

]
Note that ‖Zi‖∞ ≤ B2 and that, using Theorem 7.17:

Var (Zi) ≤ E
(
〈Xi, θ〉4

)
≤ C1E

(
〈Xi, θ〉2

)
= C1,

for some absolute constant C1 > 0.
If we choose s = tB

√
d
n , from Lemma 7.14 we get:

P

(∣∣∣∣∣ 1n n

∑
i=1

(
min (|〈Xi, θ〉|, B)2 −E

[
min (|〈Xi, θ〉|, B)2

])∣∣∣∣∣ ≥ tB

√
d
n

)

≤ exp

(
−c1 min

(
t2B2d,

t
√

nd
B

))
,

where c1 > 0 is an absolute constant. It follows that, with probability
greater than 1− exp

(
d log

(
3

γη

)
− c1 min

(
t2B2d, t

√
nd

B

))
:

max
θ∈N

∣∣∣∣∣ 1n n

∑
i=1

(
min (|〈Xi, θ〉|, B)2 −E

[
min (|〈Xi, θ〉|, B)2

])∣∣∣∣∣
≤ tB

√
d
n

• (B) To control the second term, first observe that the term
√

d +√
m log 2n

m can be replaced by
√

d +
√

m log 2n
max(d,m)

.
Indeed, if m < d:

√
d +
√

m log 2n
m =

√
d +
√

m log d
m +
√

m log 2n
d

Then, taking into account this observation, Theorem 7.7, with
inequality (7.1) affirms that, if t ≥ 1, with probability greater than
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1− exp(−ct
√

d) we have, for every m ≤ n and for every z ∈ Sn−1 with
| supp(z)| = m:

‖∑n
i=1 ziXi‖2 ≤ C2t

(√
d +
√

m log 2n
d

)
Then, for every E ⊂ {1, . . . , n} we have:

max
θ∈Sd−1

(
∑
i∈E
|〈Xi, θ〉|2

)1/2

≤ max

{∥∥∥∥∥ n

∑
i=1

ziXi

∥∥∥∥∥
2

| z ∈ Sn−1 ∩RE

}

≤ C2t
(√

d +
√
|E| log

2n
d

) (7.6)

Let θ ∈ N . We write:

∑n
i=1 |〈Xi, θ〉|2 1{|〈Xi ,θ〉|≥B} = ∑i∈EB(θ) 〈Xi, θ〉2 ,

where EB(θ) = {1 ≤ i ≤ n : |〈Xi, θ〉| ≥ B}. Using inequality (7.6), we
see that:

B |EB(θ)|1/2 ≤
(

∑i∈EB(θ) 〈Xi, θ〉2
)1/2

≤ C2t
(√

d +
√
|EB(θ)| log 2n

d

)
If we choose B = 2C2t log 2n

d , then |EB(θ)| ≤ 4C2
2 t2d
B2 = d

log2( 2n
d )

.

For this choice of B, we get that ∀ θ ∈ N , with probability greater than
1− exp(−ct

√
d):

maxθ∈N
(

∑n
i=1 |〈Xi, θ〉|2 1{|〈Xi ,θ〉|≥B}

)
≤ 4C2

2t2n

• (C) In order to control the third term, observe:

E
(
〈Xi, θ〉2 1{|〈Xi ,θ〉|≥B}

)
≤
(

E |〈Xi, θ〉|4
)1/2

(P (|〈Xi, θ〉| ≥ B))1/2 by Cauchy-Schwarz’s
inequality

≤ C3 exp
(
− B

2ρ

)
by the first

statement of Claim 7.9

Combining the bounds for (A), (B) and (C) we get:

max
θ∈N

∣∣∣∣∣ 1n n

∑
i=1

(
〈Xi, θ〉2 −E

(
〈Xi, θ〉2

))∣∣∣∣∣
≤ 2C2t2 log

(
2n
d

)√
d
n
+ 4C2

2t2 d
n
+ C3

(
d

2n

) C3t
ρ

,

with probability greater than:

1− exp
(
−ct
√

d
)
− exp

(
d log

(
3

γη

)
− c1 min

(
t4d log2( 2n

d ),
√

nd
log( 2n

d )

))
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Given ε ∈ (0, 1) we choose the parameters γ and η as follows: γ = 1
2 and

η = ε
40 . Also, set C(ε, t) := C0t4ε−2 log2 (2t2ε−2), where C > 0 is a large

enough absolute constant.
If n ≥ C(ε, t)d then we see that the lower bound for the probability in (7.4) is
greater than 1− exp(−ct

√
n) and that, with the same probability, we have:

maxθ∈N

∣∣∣ 1
n ∑n

i=1

(
〈Xi, θ〉2 −E

(
〈Xi, θ〉2

))∣∣∣ ≤ ε
40

To complete the proof of Theorem 7.5, we use Lemma 7.13 in order to pass
from N to the sphere Sd−1.

Remark 7.15 The proof of Theorem 7.5 was mainly based on Theorem 7.7 and
some other additional results which required n ≤ e

√
d. This requirement followed,

in particular, from the use of Paouris’ theorem, Theorem 7.17.
However, this doesn’t create a problem regarding the generality of Theorem 7.5.
Indeed, we can use the following argument.
For now, we have proved Theorem 7.5 for n ≤ e

√
d. Now, let n > e

√
d.

If Xi = (Xi1, . . . , Xid) ∀ 1 ≤ i ≤ n are the random vectors in the theorem,
consider the smallest integer m such that n ≤ e

√
m. Note that m > d. Now, we

define a new random vector Yi = (Yi1, . . . , Yim) in Rm by setting Yij = Xij if j ≤ d
and Yij = gij when j > d, w here gij are independent standard Gaussian random
variables. From this definition, it follows that Y1, . . . , Yn are i.i.d. isotropic random
vectors in Rm and, since n ≤ e

√
m we can apply the result as before, when n ≤ e

√
d.

We have, if we identify θ = (θ1, . . . , θd) ∈ Sd−1 with Z = (Z1, . . . , Zm) ∈ Sm−1,
where Zj = θj if j ≤ d and Zj = 0 if j > d, that:

max
θ∈Sd−1

∣∣∣∣∣ 1n n

∑
i=1

(
〈Xi, θ〉2 −E〈Xi, θ〉2

)∣∣∣∣∣
≤ max

Z∈Sm−1

∣∣∣∣∣ 1
m

m

∑
i=1

(
〈Yi, θ〉2 −E〈Yi, θ〉2

)∣∣∣∣∣ ≤ ε

Therefore, the assumption we made during the proof of Theorem 7.5 is justified, as
with this extension we can recover the result for every value of n.

7.5 Appendix of this Chapter

In this Appendix, we will prove some useful results for log-concave distri-
butions that come from the theory of convex bodies.
We start with the famous Paouris’ inequality.
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7.5. Appendix of this Chapter

Paouris’ inequality

Theorem 7.16 ([39]) Let X be an isotropic log-concave vector on Rd. Then:

P
(
‖X‖2 ≥ ct

√
d
)
≤ exp(−t

√
d),

for every t ≥ 1, where c > 0 is an absolute constant.

We will, now, prove this theorem. We first show that the proof can be re-
duced to the study of the moments of the function x 7→ ‖x‖2. For every
q ≥ 1 we define:

Iq(X) =
[
E
(
‖X‖q

2

)]1/q

We will need the following estimate, which basically states that if X is
sampled from an isotropic log-concave probability measure on Rd, Iq(X)

remains essentially constant as long as q ≤
√

d. For the proof of it, we refer
to [38].

Theorem 7.17 ([38]) There exist absolute constants c1, c2 > 0 with the following
property: if X is an isotropic log-concave random vector on Rs, then:

Iq(X) ≤ c2 I2(X),

for every q ≤ c1
√

d.

Finally, we are able to prove Theorem 7.16.

Proof (of Theorem 7.16) Assuming Theorem 7.17, we consider an isotropic
log-concave vector X on Rd. From Markov’s inequality, for any q ≥ 2 we
have:

P
(
‖X‖2 ≥ e3 Iq(X)

)
≤ e−3q

Now, consider Borell’s lemma, in the form of (log-concave), and observe that

the right-hand side θ
( 1−θ

θ

) t+1
2 can be written in the form:

(1− θ)
t+1

2

θ
t−1

2
<

(1− θ)
t−1

2

θ
t−1

2
=

(
1
θ
− 1
) t−1

2

Then, from Borell’s lemma and this observation, for every s ≥ 1, we get:
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P
(
‖X‖2 ≥ e3 Iq(X)s

)
≤
(
1− e−3q) ( e−3q

1− e−3q

)(s+1)/2

≤ e−qs

Choosing q = c1
√

d, and using Theorem 7.17, for every s ≥ 1, we get:

P
(
‖X‖2 ≥ c2e3 I2(X)s

)
≤ exp

(
−c1
√

ds
)

Since X is isotropic, we have I2(X) =
√

d. This proves the theorem. �





Chapter 8

Case Study: Random Vectors with
Sub-exponential marginals

In the previous Chapter, we analyzed the rate of convergence of the sam-
ple covariance estimator constructed with n samples from an isotropic log-
concave distribution.
We saw that also in this case, if n = O(d), with overwhelming probability
one has:

‖Σn − I‖ ≤ ε,

where c > 0 is an absolute constant.
Moreover, we saw that log-concave measures imply sub-exponential tails
(Claim 7.9).
Therefore, we would like to extend the result to this framework.

8.1 Main Result

In this Chapter, we will consider the following class of vectors.

Definition 8.1 Let X1, . . . , Xn be a sequence of random vectors in Rd, which are
not even necessarily identically distributed.
We say that such a sequence is uniformly ψ1 if, for some ψ > 0, we have:

sup
1≤i≤n

sup
y∈Sd−1

‖ |〈Xi, y〉| ‖ψ1 ≤ ψ (8.1)

We say that such a sequence satisfies the boundedness condition with constant K,
where K ≥ 1, if:

P

(
max
1≤i≤n

|Xi|√
d
> K max

{
1,
(n

d

)1/4
})
≤ exp(−

√
d) (8.2)
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8. Case Study: Random Vectors with Sub-exponential marginals

Observe that the conditions just stated are valid for many classes of dis-
tributions. For instance, the log-concave isotropic random vectors in Rd we
studied in Chapter 7 satisfy (8.1) and (8.2) for appropriate absolute constants
ψ and K. Indeed, we proved this in the first two assertions of Claim 7.9.
Another example is random vectors uniformly distributed on the Euclidean
ball of radius K

√
d, which clearly satisfy (8.2) and they also satisfy (8.1) with

ψ = CK. The boundedness assumption is of the type stated in Remark 2.5.
Observe that for this last class of vectors, we proved in Chapter 6 a version
of Theorem 8.2 with a weaker probability estimate in the case of isotropic
log-concave random vectors under an additional assumption of uncondition-
ality. This was Theorem 6.10.

The main result of this Chapter is the following theorem.

Theorem 8.2 ([3]) Let n ≥ d be positive integers and ψ, K ≥ 1. Let X1, . . . , Xn
be independent random vectors in Rd satisfying the conditions given in Definition
8.1. Then, with probability at least 1− 2 exp(−c

√
d), we have:

supx∈Sd−1

∣∣∣ 1
n ∑n

i=1

(
|〈Xi, x〉|2 −E |〈Xi, x〉|2

)∣∣∣ ≤ C(ψ + K)2
√

d
n

8.2 Proof of the Main Result

The proof of Theorem 8.2 is close to the arguments that have been used in
Chapter 7 to prove Theorem 7.5.
The main technical tool will be the following theorem, a technical variant of
Theorem 7.7.

Theorem 8.3 ([2]) Let X1, . . . , Xn be independent random vectors in Rd such that
the condition (8.1) is satisfied.
Let X be a random d× n matrix whose columns are the Xi’s and let Xm defined as
in Definition 7.6, for every 1 ≤ m ≤ n. Then, for every 0 ≤ ` ≤ log m and every
K ≥ 1, one has:

P

(
Xm ≥ CψK

(
m
2`

log
48en2`

m
+
√

m log
2n
m

)
+ 6 max

1≤i≤n
‖Xi‖2

)
≤ (1 + 2`) exp

(
−2K

m
2`

log
12en2`

m

)
,

where C is an absolute constant.
In particular, choosing 0 ≤ ` ≤ log m to be the largest integer satisfying:

2m
2` log 12en2`

m ≥
√

m log 2n
m
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8.2. Proof of the Main Result

we obtain that for every K ≥ 1

P

(
Xm ≥ CψK

√
m log

2n
m

+ 6 max
1≤i≤n

‖Xi‖2

)
≤ (1+ 2 log m) exp

(
−K
√

m log
2n
m

)

Proof (of Theorem 8.3) As in the proof of Theorem 7.7, we first construct a
setM, a set of vectors with | support(M)| ≤ m, that will serve the following
purposes:

• it will make us able to estimate supx∈M ‖Xx‖2 with high probability

• usingM, we will approximate any point from Bn
2 with at most m non-

zero coordinates

If ` = 0, which means m = 1, we will construct M as in the first case of
Theorem 7.7:

M = ∪E ⊂ {1, . . . , n}
|E| = m

N
(
E, 1

4 , 1
)

If, instead, ` > 0, we will constructM as in the second case of Theorem 7.7.
Now, ` is a fixed integer and we fix some positive integers a0, . . . , a` such
that:

(i) ∑`
k=0 ak = m

(ii) ak ≤ m · 2−k+1 ∀1 ≤ k ≤ `

(iii) a0 ≤ m · 2−`

Then, we setM =M0 ∩ 2Bn
2 , whereM0 is the set of all vectors of the form

x = ∑`
k=0 xk, where the xi’s have disjoint supports and:

x0 ∈ ∪E ⊂ {1, . . . , n}
|E| ≤ a0

N
(
E, 1

4 , 1
)

and

xk ∈ ∪E ⊂ {1, . . . , n}
|E| ≤ ak

N
(

E, 2−k,
√

2k

m

)
for 1 ≤ k ≤ `

Now, without repeating all of the steps we already did in Theorem 7.7, we
upper bound ‖Xx‖2

2 ≤ C maxi ‖Xi‖2
2 + Dx, where Dx = ∑i 6=j

〈
x(i)Xi, x(j)Xj

〉
and x(i) denote the coordinates of x =, a fixed vector in M, for 1 ≤ i ≤ n.
Then, we need to estimate Dx = D′x + D′′x .
Using Lemma 7.11 with L = 4K m

2` log 48en2`
m we are able to estimate D′x:
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8. Case Study: Random Vectors with Sub-exponential marginals

P

(
sup
x∈M

D′x > 16XmKψ
m
2`

log
48en2`

m
+ CXmKψ

√
m log

2n
m

)

≤ exp
(
−2K

m
2`

log
48en2`

m

)
+ ` exp

(
−2K

m
2`

log
12en4`

m

)

Also, by making the same choices that were done in the proof of Theorem 7.7
to estimate D′′x , we obtain:

P
(
supx∈M D′′x > 3CψXmK

√
m log 2n

m

)
≤ ` exp

(
−K 6m

2` log 12e4`n
m

)
Now, it just remains to apply the approximation procedure. By (7.4) we
have:

‖Xx‖2
2 ≤ 2 max

{
4 maxi ‖Xi‖2

2, Dx
}

The, by approximation of a vector z ∈ Sn−1 with a vector x ∈ M and the
above inequality we get:

X2
m ≤ max

{
36 maxi ‖Xi‖2

2, 18 supx∈M Dx
}

,

which implies the result, possibly by adjusting some constants.
The second claim, the ”in particular” one, follows simply from the first
one. �

From this theorem, we can derive the following corollary.

Corollary 8.4 ([3]) Let X1, . . . , Xn be independent random vectors in Rd such that
the conditions given in Definition 8.1 are satisfied. Let X be a random d× n matrix
whose columns are the Xi ’s. Then for every t ≥ 1 one has:

P
(
∃m : Xm ≥ Cψt max

{√
m ln 2n

m ,
√

d
}
+ 6 maxi≤n |Xi|

)
≤ exp(−t

√
d)

Proof (of Corollary 8.4) This is simply proved by using the ”in particular”
claim in Theorem 8.3, adjusting corresponding constants, and taking a union
bound. �

We are finally ready to prove Theorem 8.2.

Proof (of Theorem 8.2) For x ∈ Sd−1 set:

S(x) =
∣∣∣ 1

n ∑n
i=1

(
|〈Xi, x〉|2 −E |〈Xi, x〉|2

)∣∣∣
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8.2. Proof of the Main Result

Let B > 0 be a parameter whose value will be specified later and observe
that:

sup
x∈Sd−1

S(x) ≤ sup
x∈Sd−1

(∣∣∣∣∣ 1n n

∑
i=1

(
min (|〈Xi, x〉|, B)2 −E

[
min (|〈Xi, x〉|, B)2

])∣∣∣∣∣ (A)

+
1
n

E
n

∑
i=1

(
|〈Xi, x〉|2 − B2

)
1{|〈Xi ,x〉|≥B} (B)

+
1
n

n

∑
i=1

(
|〈Xi, x〉|2 − B2) 1{|〈Xi ,x〉|≥B}

)
(C)

We will estimate each of the summands (A), (B), and (C) separately.

• (A) To estimate the first summand, given x ∈ Sd−1 and 1 ≤ i ≤ n,
we let Zi = Zi(x) = min (|〈Xi, x〉|, B)2 −E

[
min (|〈Xi, x〉|, B)2

]
. Then

‖Zi‖∞ ≤ B2. Moreover, using the second claim of Proposition 2.28:

Var (Zi) ≤ E
(
| 〈Xi, x〉 |4

)
≤ C1ψ4,

for some absolute constant C1 > 0.
Observe that σ2 = 1

n ∑n
i=1 Var (Zi) ≤ C1ψ4. Thus, by Bernstein’s in-

equality (Proposition 2.31):

P ((A) ≥ t) = P
( 1

n ∑n
i=1 Zi ≥ t

)
≤ exp

(
− t2n

2(C1ψ4+B2 t
3 )

)
Now, let N be a 1

3 -net of Sd−1. From Lemma 2.15, we know that |N | ≤
7d. Then by the union bound we obtain that if

t2n > 8C1ψ4d ln 7 and θn > 8
3 B2d ln 7

then:

P

(
sup
x∈N

(A) ≥ t

)
≤ exp

(
d ln 7− θ2n

2
(
C1ψ4 + B2 t

3

))

≤ exp

(
− θ2n

4
(
C1ψ4 + B2 t

3

))
• (B) To bound the second term, observe:

sup
x∈Sd−1

(B) ≤ 1
n

n

∑
i=1

sup
x∈Sd−1

‖〈Xi, x〉‖2
4 P (|〈Xi, x〉| ≥ B)1/2 By Hölder’s

inequality

≤ C2ψ2 exp
(
−B

ψ

)
, from

assumption (8.1)

for some absolute constant C2 ≥ 1.
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8. Case Study: Random Vectors with Sub-exponential marginals

• (C) To estimate the third term, we will use the following notation:

– M = max
{

ψ2d, maxi≤n |Xi|2
}

– EB = EB(x) = {i ≤ n : |〈Xi, x〉| ≥ B}

– m = supx∈Sd−1 |EB(x)|

By the definition of Xm, we have for every x ∈ Sd−1:

B2 |EB| ≤ ∑i∈EB
|〈Xi, x〉|2 ≤ sup|E|≤m ∑i∈E |〈Xi, x〉|2 ≤ X2

m

which yields B2m ≤ X2
m and n(B) ≤ X2

m.
Corollary 8.4 implies that for some absolute constant C ≥ C2, with
probability at least 1− exp(−

√
d) one has

B2m ≤ C
(

M + ψ2m ln2 2n
m

)
and

supx∈Sd−1(C) ≤ C
(

M
n + ψ2 m

n ln2 2n
m

)
Now that we have these estimates for (A), (B), and (C), choosing B =
2
√

2Cψ ln
(
5 n

d

)
. Then, the estimate (B) gives:

(C) ≤ Cψ2 d
n ≤ C M

N for all x ∈ Sd−1

and together with the estimate (C), it yields that with probability at least
1− exp(−

√
d) one has:

supx∈Sd−1 ((B) + (C)) ≤ C
(
(2 M

n ) + ψ2(m
n ) ln2(2 n

m )
)

Now, we prove the following claim.

Claim 8.5 In the set where it holds that:

B2m ≤ C
(

M + ψ2m ln2 2n
m

)
and

supx∈Sd−1(C) ≤ C
(

M
n + ψ2 m

n ln2 2n
m

)
we have M ≥ ψ2m

(
ln 2n

m

)2

Proof (of Claim 8.5) By contradiction, assume M < ψ2m
(
ln 2n

m

)2. Then
by our assumption on the set, we observe that B2 ≤ 2Cψ2 ln2( 2n

m ), which
implies, solving for m:
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8.2. Proof of the Main Result

m ≤ 2n exp(− B
ψ
√

2C
) = 2d2

25n

By our hypothetical upper bound for M we are using for the contradiction
and since f (m) = m ln2( 2n

m ) increases on
[
1, 2n

e2

]
, we get:

ψ2d ≤ M ≤ ψ2
(

8d2

25n

)
ln2( 5n

d )

which is impossible. �

Therefore, following this claim, we can affirm that M ≥ ψ2m
(
ln 2n

m

)2 and it
implies that:

P
(
supx∈Sd−1 ((B) + (C)) ≤ 3C M

n

)
≥ 1− exp(−

√
d)

Combining this estimate with the one we obtained for the first term (A), we
get:

P
(
supx∈N S(x) ≤ t + 3C M

N

)
≥ 1− exp(−

√
d)− exp

(
− t2n

4(C1ψ4+B2 t
3 )

)

Now, set t = C3ψ2
√

d
n , where C3 is a sufficiently large absolute positive

constant so that we used in obtaining the estimate for (A) are satisfied. Then
using the boundedness condition (8.2) with constant K we obtain:

P

(
sup
x∈N

S(x) ≤
(
C3ψ2 + 3CK2)√ d

n

)
≥ 1− exp(−

√
d)− exp(−cd)

≥ 1− 2 exp(−c
√

d),

where c is a sufficiently small positive constant.
Therefore, we just proved the desired estimate on the 1

3 -net. Instead, we
want to achieve it also on the whole sphere Sd−1. To pass from N to the
whole sphere note that S(x) can be written as |〈Tx, x〉|, where T is a self-
adjoint operator on Rd. Therefore, if we write each x ∈ Sd−1 as x = y + z,
where y ∈ N and |z| ≤ 1

3 , we get:

‖T‖ = sup
x∈Sd−1

|〈Tx, x〉| ≤ sup
y∈N
|〈Ty, y〉|+ 2

3
sup
y∈N
|Ty|+ sup

|z|≤ 1
3

|〈Tz, z〉|

≤ sup
y∈N

S(y) +
7
9
‖T‖

which implies the desired estimate on the whole sphere Sd−1. �
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Chapter 9

Case Study: Random Vectors with
bounded Lp marginal moments

In this Chapter, we will illustrate an approach that allows to bound the
difference, in operator norm, between the empirical covariance matrix and
the true covariance matrix of a distribution in Rd that we assume is such
that:

• the distribution is supported in a relatively small ball

• the linear functionals are uniformly bounded in Lp for some p > 8.

As in the previous cases, we will consider the following setting:

• we take n independent samples X1, . . . , Xn from an isotropic probabil-
ity distribution µ in Rd

• constructing a n× d matrix X with rows Xi

• every linear functional has bounded p moments: supt∈Sd−1 ‖〈X, t〉‖p ≤
K1

Then, we aim to obtain the following result (w. h. p.):

sup
t∈Bd

2

∣∣∣∣∣ 1n n

∑
i=1
〈Xi, t〉2 − 1

∣∣∣∣∣ ≤ C

√
d
n

Therefore, if n ≥ O(d) we have that the sample covariance matrix Σn ap-
proximates the true covariance matrix with ε-accuracy.

9.1 Main Result

Let’s state the main theorem of this chapter.
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9. Case Study: Random Vectors with bounded Lp marginal moments

Theorem 9.1 ([34]) Let µ be an isotropic probability measure in Rd. Let n ≥ d
and assume that maxi ‖Xi‖2 ≤ C0 · (nd)1/4. Let K1 ≥ 1 and let k0 be the first
integer which satisfies: k0 log

(
en
k0

)
≥ d. If p > 8, supt∈Bd

2
‖〈t, ·〉‖p ≤ K1, and

1 ≤ β ≤ C1k0, then, with probability at least 1− C2

(
1

nβx + exp (−C3d)
)

, one
has:

sup
t∈Sd−1

∣∣∣∣∣ 1n n

∑
i=1
〈Xi, t〉2 − 1

∣∣∣∣∣ ≤ C4

√
d
n

where C1, C2, C3, C4 depend only on β, p, C0, K1.

Remark 9.2 Observe that the assumption maxi ‖Xi‖2 ≤ C0 · (nd)1/4 is something
like the one of Remark 2.5.

9.2 Proof of the Main Result

Let’s now detail and establish all the essential elements that will guide us
towards the proof of this theorem.

First, we state a result valid for non-increasing rearrangement of i.i.d random
variables.

Lemma 9.3 ([34]) Let Z1, . . . , Zn be i.i.d random variables, distributed according
to Z. If p > 4, C0, β > 0, then ∃ constants c0, c1, c2, c3 that depend only on p, C0
and β such that:

if ‖Z‖∞ ≤ C0 (nd)1/4 and u ≥ c0 then:

• ∑i≤u (Z∗i )
2 ≤ c1

(
1 + u‖Z‖2

p

)
(nd)1/2, with probability at least 1− c2u−β

• ∑i=uk0+1 (Z∗i )
4 ≤ c1‖Z‖p · n, with probability at least 1− 2 exp (c3ud)

Proof (of Lemma 9.3) To prove this result it will fundamental the following
claim.

Claim 9.4 Let Z1, . . . , Zn be i.i.d random variables, distributed according to Z.
Consider (Z∗i ), the non-increasing rearrangement of (|Zi|). Then:

P (Z∗2s ≥ t) ≤
(

n
2s

)
[P(|Z| ≥ t)]2

s

Proof (of Claim 9.4) This claim is trivial and follows from union bound. In-
deed, observe that Z∗2s denote the 2s-th largest element of the series (|Zi|)n

i=1,
i.e. there are 2s − 1 elements that have a greater or equal value in the
non-increasing rearrangement. Then, asking for P (Z∗2s ≥ t) is equivalent to
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9.2. Proof of the Main Result

asking that P
(

minj∈I∗2s |Z|j ≥ t
)

, where I∗2s denotes the set of indices corre-
sponding to the first 2s elements of the non-increasing rearrangement. Since
we don’t have access to I∗2s , using the fact that |I∗2s | = 2s and union bound,
we obtain the result of the claim:

P (Z∗2s ≥ t) ≤
(

n
2s

)
[P(|Z| ≥ t)]2

s
�

Continuing the proof of the lemma, we also observe that the assumption in
Theorem 9.1 regarding the constant k0, i.e. the fact that k0 is the first integer
which satisfies: k0 log

(
en
k0

)
≥ d, implies that:

• if log (en) . d, then k0 log
(

en
k0

)
∼ d

• if log (en) & d, k0 = 1

We assume to be in the first of the two cases. If k0 = 1, the modifications
required are minimal and we will omit the proof in that case. Now, fix
ε = p/4− 1, let β ≥ 1 and pick s1 to be a constant that will be specified
later and which depends only on β and p and. For 2s in the interval [2s1 , k0],

define αs =
(en/2s)(1+ε)/p

(nd)1/4 = 2s/4

d1/4 . Then, using Markov’s inequality we get that:

P
(
|Z| ≥ ‖Z‖p · t

)
≤ E|Z|p
‖Z‖p

ptp =
‖Z‖p

p

‖Z‖p
ptp ≤ t−p. Now we can plug this estimate

into Claim 9.4 and, by choosing t = αs · (nd)1/4, in the interval [2s1 , k0], we
obtain:

P
(

Z∗2s ≥ ‖Z‖pαs(nd)1/4
)
≤
( en

2s

)−ε2s

(9.1)

Moreover, observe that:

Z∗1 + . . . Z∗n = (Z∗1 + Z∗2 ) + (Z∗3 + Z∗4 ) + (Z∗5 + . . . + Z∗8 ) + . . . (. . . + Z∗n)

≤ Z∗1 + Z∗2 + 2Z∗4 + 4Z∗4 + . . . ≤∑
2s

2sZ∗2s

It follows that, since we fixed previously 4(1 + ε)/p = 1 and, for a cautious
choice of s1(β, p) to work out properly the computations, using the assump-
tion ‖Z‖∞ ≤ C0 (nd)1/4 and (9.1) , with probability at least 1−

( en
2s1

)−cε2s1 ≥
1− c0n−β:
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∑
i≤u

(Z∗i )
2 ≤ ∑

2s≤uk0

2s (Z∗2s)
2

≤ ∑
2s≤2s1

‖Z‖2
∞ + ∑

2s1≤2s≤uk0

2s‖Z‖2
p · α2

s (nd)1/2

≤ ‖Z‖2
∞2s1 + ‖Z‖2

p(nd)1/2 ∑
2s1≤2s≤uk0

2sα2
s

. C02s1(nd)1/2 + ‖Z‖2
pn1/2 ∑

2s1≤2s≤ud
2s/2

.β,p

(
1 + u1/2‖Z‖2

p

)
(nd)1/2

We have, in this way, proved the first part of Lemma 9.3.

We turn, now, to the second part, which will be proved using again Claim
9.4.

For the second part of the statement, we choose t = ‖Z‖p
( en

2s

) 1+ε
p = ‖Z‖p

( en
2s

)1/4.

Also, choose u such that: max{ 2
ε , 1} < u .

(
n
k0

)1/2
. Hence, by Claim 9.4

and Markov’s inequality as before:

∑
i=uk0+1

(Z∗i )
4 ≤ ∑

uk0≤2s≤n
2s (Z∗2s)

4 ≤ ∑
uk0≤2s≤n

2s · t4 . ‖Z‖4
p ∑

uk0≤2s≤n
2s
( en

2s

) 1·4
4

. ‖Z‖4
pn

This is achieved with probability at least

1− ∑
uk0≤2s≤n

exp
(
−ε2s log

( en
2s

))
≥ 1− exp

(
−c1εuk0 log

( en
2s

))
≥ 1− exp (−c2εud) ,

as claimed in the lemma.

Now, recall that, a the beginning of the proof of the lemma we assumed
k0 > 1. Let’s consider k0 = 1 and see which modifications are needed in

the proof in this case. For the first we can choose αs = (en/1)(1+ε)/p

(nd)1/4 . Then,
following the same steps, we get that:
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∑
i≤u

(Z∗i )
2 ≤ ∑

2s≤u
2s (Z∗2s)

2

≤ ‖Z‖2
∞ + ∑

1≤2s≤u
2s‖Z‖2

p · α2
s (nd)1/2

≤ ‖Z‖2
∞ + ‖Z‖2

p(nd)1/2 ∑
1≤2s≤u

2sα2
s

. C0(nd)1/2 + ‖Z‖2
pn1/2 ∑

1≤2s≤ud
2s/2

.β,p

(
1 + u1/2‖Z‖2

p

)
(nd)1/2

Also, for the second part of the statement, by choosing the same t as in the
case k0 > 1 and fixing, now k0 = 1, we get the same bound with the same
probability (the constants vary). �

Let’s continue with the proof of Theorem 9.1. For this, we will need also the
following Corollary.

Corollary 9.5 ([34]) Fix 0 < γ < 1 and k3, which will be specified later. Let
k` = γ`k0, with k0 > 1, and let `0 be the first integer satisfying:

k`0 log
(

en
k`0

)
≤ k3 (nd)1/4

Then, ∃ a constant c1 such that for every 0 < γ < 1 there exists a constant
c2 = c2(γ) such that:

Let p > 4 and ε = p/4− 1, let `1 > 0 be any integer for which k`1 ≥ 1. Let
Z1, . . . , ZN be i.i.d. random variables, distributed according to Z with ‖Z‖p < ∞.
Then, ∀ 0 ≤ ` < `1, with probability at least 1− (en/k`+1)

−εk`+1 , we have:

(
∑k`

j=k`+1

(
Z∗j
)2
)1/2

≤ c1‖Z‖pη`,

where η` ∼ (nk`)
1/4 and, in particular, ∑`1−1

`=0 η` ≤ c2(nd)1/4.

Proof (of Corollary 9.5) This corollary uses the same idea of the previous
Lemma. Indeed, applying the result of the Claim 9.4 and Markov’s inequal-
ity (as in the previous lemma), we get:

P
(
Z∗2s ≥ ‖Z‖p · t

)
≤
(

n
2s

)
[t−p]2

s

Then, choosing t =
(

en
k`

)(1+ε)/p
=
(

en
k`

)1/4
, and also remembering that in

the assumptions of the lemma, we chose η` ∼ (nk`)
1/4 :
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k`

∑
j=k`+1

(Z∗i )
2 ≤ ∑

k`+1≤2s≤k`

2s (Z∗2s)
2 ≤ ∑

k`+1≤2s≤k`

2s · ‖Z‖2
pt2

≤ ‖Z‖2
p ∑

k`+1≤2s≤k`

2s
(

en
k`

)1/2

≤ ‖Z‖2
p ∑

k`+1≤2s≤k`

2
s
2 n1/2

. ‖Z‖2
pη2

`

By taking the square root and properly choosing the constant c1, the result
follows. �

To continue with the proof of Theorem 9.1, we also need to introduce:

• the sets Uk =
{

x ∈ Sn−1 : | supp(x)| ≤ k}

• the sets Ak = supa∈Uk

∥∥∥∑N
i=1 aiXi

∥∥∥
Observe that, ∀ k ≤ n:

Ak = sup
a∈Uk

∥∥∥∥∥ N

∑
i=1

aiXi

∥∥∥∥∥ = sup
a∈Uk

sup
t∈Bd

2

〈
n

∑
i=1

aiXi, t

〉

= sup
t∈Bd

2

sup
a∈Uk

n

∑
i=1

ai 〈Xi, t〉 = sup
t∈Bd

2

(
k

∑
i=1

(
〈Xi, t〉∗

)2

)1/2

This motivates studying the quantity Ak.

For every k, let δk be determined later and let Nk be a subset of Bn
2 such that

for every x ∈ Rn:
sup
y∈Nk

〈y, x〉 ≥ (1− δk) sup
z∈Uk

〈z, x〉

It is standard to verify that there is a set Nk as above of cardinality at most
exp

(
k log

(
en
kδk

))
, using the bound on the size of ε-net, Lemma 2.15 and

Theorem A.1.

Making use of Corollary 9.5 we obtain the following lemma.

Lemma 9.6 ([34]) For every p > 8, C0, K1 and β > 0 as in Theorem 1.2, ∃ con-
stants c1 and c2 (depending only on p, C0, K1 and β) such that:

If I ⊂ {1, . . . , n}, then probability at least 1− c1
nβ ,

sup
a∈Uk0

sup
b∈Uk0

〈
∑
i∈I

aiXi, ∑
i∈Ic

biXi

〉
≤ c2 (nd)1/4 Ak0
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Proof (of Lemma 9.6) Again, we will restrict ourselves to the case in which
k0 > 1, since the modifications needed when k0 = 1 are minor.

Consider the sets Uk` , defined as above and let:

Bk` := supa∈Uk`
supb∈Uk`

〈∑i∈I aiXi, ∑i∈Ic biXi〉

We claim the following.

Claim 9.7 ∀ 0 ≤ ` ≤ `1:

(
1− δk`

) (
1− δk`+1

)
Bk` ≤Bk`+1 + sup

b∈Nk`

 k`

∑
i=k`+1+1

(〈
∑
j∈Ic

bjXj, Xi

〉∗)2
1/2

+ sup
a∈Nk`+1

 k`

∑
j=k`+1+1

(〈
∑
i∈I

aiXi, Xj

〉∗)2
1/2

,

where `1 will be defined later.

Proof (of Claim 9.7) Indeed, by the definition of Nk` :

Bk` ≤
1

1− δk`
sup

a∈Uk`

sup
b∈Nk`

〈
∑
i∈I

aiXi, ∑
i∈Ic

biXi

〉

Now, by exchanging the order in which we take the supremum, and defining
Wb,i =

〈
Xi, ∑j∈Ic bjXj

〉
, we get:

Bk` ≤
1

1− δk`
sup

a∈Uk`

sup
b∈Nk`

〈
∑
i∈I

aiXi, ∑
i∈Ic

biXi

〉

=
1

1− δk`
sup

b∈Nk`

sup
a∈Uk`

∑
i∈I

ai

〈
Xi, ∑

i∈Ic

biXi

〉
=

1
1− δk`

sup
b∈Nk`

sup
a∈Uk`

∑
i∈I

aiWb,i

≤ 1
1− δk`

sup
b∈Nk`

sup
a∈Uk`

∣∣∣∣∣∑i∈I
aiWb,i

∣∣∣∣∣ = 1
1− δk`

sup
b∈Nk`

[
k`

∑
i=1

(
W∗b,i

)2

]1/2

=
1

1− δk`
sup

b∈Nk`

 k`

∑
i=1

(
〈Xi, ∑

j∈Ic

bjXj〉∗
)2
1/2

By dividing the sum into two parts and using the standard inequality
(√

a +
√

b
)2
≥

√
a + b, ∀ a, b ∈ R+, we get:
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Bk` ≤
1

1− δk`
sup

b∈Nk`

 k`

∑
i=1

(
〈Xi, ∑

j∈Ic

bjXj〉∗
)2
1/2

=
1

1− δk`
sup

b∈Nk`

k`+1

∑
i=1

(
〈Xi, ∑

j∈Ic

bjXj〉∗
)2

+
k`

∑
i=k`+1

(
〈Xi, ∑

j∈Ic

bjXj〉∗
)2
1/2

≤ 1
1− δk`

sup
b∈Nk`


k`+1

∑
i=1

(
〈Xi, ∑

j∈Ic

bjXj〉∗
)2
1/2

+

 k`

∑
i=k`+1+1

(
〈Xi, ∑

j∈Ic

bjXj〉∗
)2
1/2


=

1
1− δk`

 sup
a∈Uk`+1

sup
b∈Nk`

〈
∑
i∈I

aiXi, ∑
i∈Ic

biXi

〉
+ sup

b∈Nk`

[
k`

∑
i=k`+1+1

(
W∗b,i

)2

]1/2


Replacing Ukk+1 by Nkt+1 and repeating the argument used above for the first
term (while reversing the roles of a and b) proves the claim. �

Coming back to the proof of Lemma 9.6, we notice that we can apply Corol-
lary 9.5. Indeed, since

∣∣Nk`

∣∣ ≤ exp
(

k` log
(

en
k`δk`

))
, and

(
Xj
)

j∈Ic and (Xi)i∈I

are independent, with probability at least

1− 2 · exp
(
−
( p

4
− 1
)

k`+1 log
(

en
k`+1

)
+ k` log

(
en

k`δk`

))
, (9.2)

for every b ∈ Nkl and every a ∈ Nkl+1 we have: kt

∑
i=k`+1+1

(〈
∑
j∈Ic

bjXj, Xi

〉∗)2
1/2

≤ (cnk`)
1/4 Ak0

and  ki

∑
j=ki+1+1

(〈
∑
i∈I

aiXi, Xj

〉∗)2
1/2

≤ (cnk`)
1/4 Ak0

Now, observe that, since p
4 > 2, then ∃ γ < 1 such that

( p
4 − 1

)
γ > 1. Thus,

for p > 8 there are γ, c1 and c2 that depend only on p, and for which one

may take δk` =
(

k`
n

)c1
, in order to satisfy:

(9.2) ≥ 1− 2 exp
(
−c2k`+1 log

(
en

k`+1

))
Now, let `1 be the largest integer ` for which both:
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• k` − k`+1 > 1

• ∑`
j=0 exp

(
−c2k j+1 log

(
en

k j+1

))
≤ 1

nβ

Therefore, `1 is the first integer satisfying ( p
4 − 2)k` log

(
en
k`

)
≤ K2β log n for

an appropriate choice of K2.

Then, the strategy is to start from Bk` , that we know how bound from Claim
9.7, and applying iteratively this ”dimension reduction” procedure up to
` = `1, observing that there is a constant c3 that depends only on p for
which 1

∏
`1
`=0(1−δk`)

2 ≤ 1
c3

.

To finish, we apply the ”large coordinates” estimate from Lemma 9.3 for Bk`1
(while observing that k`1 ≤ k0 ), thus concluding the proof. �

Remark 9.8 Note that in the proof of the previous lemma 9.6 we used that
p
4 − 1 > 1. This is the only point in the proof of Theorem 9.1 where the critical
assumption p > 8 is required.

Theorem 9.9 ([34]) Let µ be an isotropic probability measure in Rd. Let n ≥ d and
assume that maxi ‖Xi‖2 ≤ C0 · (nd)1/4. Let K1 ≥ 1 and let k0 be the first integer
which satisfies: k0 log

(
en
k0

)
≥ d. Assume also that p > 8, supt∈Bd

2
‖〈t, ·〉‖p ≤ K1,

and 1 ≤ β ≤ C1k0. Then, there are constants c1 and c2, depending only on β, p, C0
and K1, for which, with probability at least 1− c1n−β:

Ak0 ≤ c2(nd)1/4

Proof (of Theorem 9.9) Recall that we defined Ak0 = supa∈Uk0
‖∑n

i=1 aiXi‖2.
Our scope is to find a suitable upper bound for this quantity.
First, observe that for every a ∈ Uk0 :

‖∑n
i=1 aiXi‖2

2 = ∑i 6=j aiaj
〈

Xi, Xj
〉
+ ∑n

i=1 a2
i ‖Xi‖2

2

Since ‖a‖2 ≤ 1 and since by assumption we have that maxi ‖Xi‖2 ≤ C0 ·
(nd)1/4, the second term in the sum is at most maxi≤n ‖Xi‖2

2 ≤ C2
0(nd)1/2.

To bound the first term in the sum, let (ε i)
n
i=1 be independent Bernoulli

random variables. Note that:

Eε ∑i 6=j (1 + ε i)
(
1− ε j

)
aiaj

〈
Xi, Xj

〉
= ∑i 6=j aiaj

〈
Xi, Xj

〉
Therefore, we can control the expectation.
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supa∈Uk0
Eε ∑

i 6=j
(1 + ε i)

(
1− ε j

)
aiaj

〈
Xi, Xj

〉
≤ Eε sup

a∈Uk0

∑
i 6=j

(1 + ε i)
(
1− ε j

)
aiaj

〈
Xi, Xj

〉
= EεH

(
(ε i)

n
i=1 , (Xi)

n
i=1
)

,

where H
(
(ε i)

n
i=1 , (Xi)

n
i=1
)
= supa∈Uk0

∑i 6=j (1 + ε i)
(
1− ε j

)
aiaj

〈
Xi, Xj

〉
.

Observe that, if we define the set Iε = {i : ε i = 1}, then the function H
(
(ε i)

n
i=1 , (Xi)

n
i=1
)

takes on the following value for every realization of (ε i)
n
i=1:

H
(
(ε i)

n
i=1 , (Xi)

n
i=1
)
= 4 · supa∈Uk0

〈
∑i∈Iε

aiXi, ∑j∈Ic
ε

ajXj

〉
Therefore, now fix a realization (ε i)

n
i=1. Then

H
(
(ε i)

n
i=1 , (Xi)

n
i=1
)
. supa∈Uk0

supb∈Uk0

〈
∑i∈Iε

aiXi, ∑j∈Ic
ε

bjXj

〉
This inequality suggests to apply the result we obtained with Lemma 9.6.
Indeed, if p > 8, we can affirm:

H
(
(ε i)

n
i=1 , (Xi)

n
i=1
)
.p (nd)1/4Ak0

with probability at least 1− cn−β.
Therefore, there exists a set B, in the probability space defined by the prob-
ability measure µ from which the vectors Xi are sampled, of probability at
least 1− c1n−β/2 on which, with probability at least 1− c2n−β/2 with respect
to the probability space defined by the sequence of Bernoulli random vari-
ables (ε i)i:

H
(
(ε i)

n
i=1 , (Xi)

n
i=1
)
.p (nd)1/4Ak0

Hence, for every (Xi)
n
i=1 ∈ B, we can affirm that:

H
(
(ε i)

n
i=1 , (Xi)

n
i=1
)
.p

{
(nd)1/4Ak0 w. p. ≥ 1− c2n−β/2

supa∈Uk0

∣∣∣∑i 6=j aiaj
〈

Xi, Xj
〉∣∣∣ w. p. ≤ c2n−

β
2

It follows:

EεH
(
(ε i)

n
i=1 , (Xi)

n
i=1
)

.p Ak0(nd)1/4 · (1− n−β/2) + n−β/2 sup
a∈Uk0

∣∣∣∣∣∑i 6=j
aiaj

〈
Xi, Xj

〉∣∣∣∣∣
.p,C0 Ak0(nd)1/4 + n−β/2

(
A2

k0
+ (Nn)1/2

)
from the definition

of Ak0 and Cauchy-Schwarz
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Therefore, on B, if β > 0 and n is large enough, then:

A2
k0
.p,β,C0 Ak0(nd)1/4+ (nd)1/2

and the claim follows. �

We now have all the ingredients necessary to prove the main result, Theorem
9.1.

Proof of Theorem 9.1

First, we need a final observation, which follows from an application of
Lemma 9.3 to the random variables Yt = 〈X, t〉, for vectors t in a 1

2 -net in
Bd

2 . Indeed, under the assumptions of Theorem 9.1 there exist constants
c1, c2 and c3 depending only on K1 for which, if N is a 1

2 -net in Bd
2 , with

probability at least 1− 2 exp (−c1d):

sup
t∈N

(
n

∑
i=c3k0+1

(
〈Xi, t〉∗

)4

)1/2

≤ c2
√

n (9.3)

This follows from the second of the two claim we previously proved in
Lemma 9.3.

Now, let C be the intersection of the events from the observation (9.3) we
just made and Theorem 9.9.
We prove the following claim.

Claim 9.10 On C, with probability at least 1− 2 exp (−c1d), we have:

supt∈Bd
2

∣∣∣∑d
i=1 ε i 〈Xi, t〉2

∣∣∣ . C0, p
√

nd

Proof (of Claim 9.10) Let c3 be the constant we defined above.
Fix t, t′ ∈ N and let J be the union of the sets of the largest c3k0 coordinates
of (|〈Xi, t〉|)n

i=1 and (|〈Xi, t′〉|)n
i=1.

Then, for every v > 0, with probability at least 1− 2 exp
(
−c4v2):
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∣∣∣∣∣ n

∑
i=1

ε i 〈Xi, t〉
〈

Xi, t′
〉∣∣∣∣∣ ≤∑

i∈J

∣∣1 · 〈Xi, t〉
〈

Xi, t′
〉∣∣+ ∑

i∈Jc

∣∣ε i 〈Xi, t〉
〈

Xi, t′
〉∣∣ by the triangle

inequality and since εi ≤ 1

.∑
i∈J

∣∣〈Xi, t〉
〈

Xi, t′
〉∣∣+ v

(
∑
i∈Jc
〈Xi, t〉2

〈
Xi, t′

〉2

)1/2
by Hoeffding’s inequality:

∀ v > 0: P

(
∑i aiεi

(∑i a2
i )

1/2 ≥ v
)
≤ exp(−c4v2)

≤ 2c3

(
k0

∑
i=1

(
〈Xi, t〉∗

)2

)1/2( k0

∑
i=1

(〈
Xi, t′

〉∗)2
)1/2

from Cauchy-Schwarz
inequality and definition of J, Jc

+ v

(
n

∑
i=c3k0+1

(
〈Xi, t〉∗

)4

)1/4( n

∑
i=c3k0+1

(〈
Xi, t′

〉∗)4
)1/4

. A2
k0
+ v
√

n from the definition of Ak0 and
by the observation (9.3)

To continue, let v ∼
√

d. Then, from the previous computation and Theorem
9.9, we have: ∣∣∣∣∣ n

∑
i=1

ε i 〈Xi, t〉
〈

Xi, t′
〉∣∣∣∣∣ . (nd)1/2 (9.4)

Since, by Lemma 2.15 an 1
2 -net has cardinality at most |N | ≤ 5d, there is a set

D ⊂ {−1, 1}n of probability, with respect to the probability space defined
by the Bernoulli’s random variables, at least 1− 2 exp (−c5n) on which the
inequality (9.4) holds for any pair t, t′ taken from N ×N . Since each t ∈ Bd

2
can be written as ∑∞

i=1 βiti with 0 ≤ βi . 2−i and ti ∈ N , on D we have:

supt∈Bd
2

∣∣∣∑n
i=1 ε i 〈Xi, t〉2

∣∣∣ . (nd)1/2 ∑∞
i,j=1 2−i2−j . (nd)1/2,

with constants that depend on k0, C0, p and β. �

Finally, to conclude the proof of Theorem 9.1, we make the following obser-
vation, using a symmetrization argument.
Observe that, for instance:
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EX sup
t∈Bd

2

∣∣∣∣∣ n

∑
i=1

(
〈Xi, t〉2 − 1

)∣∣∣∣∣ = EX

∥∥∥∥∥ n

∑
i=1

(
XiXT

i −EXiXT
i

)∥∥∥∥∥
= EX

∥∥∥∥∥ n

∑
i=1

(
XiXT

i −EYYiYT
i

)∥∥∥∥∥ where Yi are
independent copies of Xi

≤ EXEY

∥∥∥∥∥ n

∑
i=1

(
XiXT

i −YiYT
i

)∥∥∥∥∥ from Jensen’s
inequality

= E

∥∥∥∥∥ n

∑
i=1

ε i

(
XiXT

i −YiYT
i

)∥∥∥∥∥ where the εi are independent
Bernoulli’s random variables

≤ 2 E

∥∥∥∥∥ n

∑
i=1

ε iXiXT
i

∥∥∥∥∥ = 2 E sup
t∈Bd

2

∣∣∣∣∣ n

∑
i=1

ε i〈Xi, t〉2
∣∣∣∣∣

Therefore, we can use the bound we found above with Claim 9.10 and divid-
ing both sided of the inequality by n gives us the result of Theorem 9.1.

141





Chapter 10

Conclusion

In this dissertation, we explored and examined non-asymptotic guarantees
for sample covariance matrices. In most cases, the optimal sample size suf-
ficient to obtain a ε-accuracy for approximating the true covariance matrix
using the sample covariance matrix estimator was n = O(d). Sometimes,
we have been even more precise and also showed the optimal rate of conver-

gence of this approximation, which is
√

d
n , achieving a Bai–Yin type estimate

for the largest singular value. We began our analysis with Gaussians and
gradually reduced our assumptions on the underlying distribution. In the
final chapter, our only assumption was the existence of p > 8 marginal
moments.

There are other studies aligning with this perspective, with the most notable
being K. Tikhomirov’s work, which assumes only the existence of p > 4
moments [43] to achieve ε-accuracy and also the optimal rate of convergence
of the Bai-Yin type estimate mentioned above. In [43], ε-accuracy in the
approximation of the covariance matrix is achieved also for p > 2 but not the
Bai-Yin type estimate is not estimated. Nevertheless, it’s widely anticipated
within the community that similar results might be achievable under even
less stringent assumptions, such as the existence of p > 2 moments.

It’s also worth mentioning that there are numerous other research avenues
in the field of covariance estimation that we chose not to address in this
manuscript. As outlined by Chen, Gao, and Ren [17], the presence of even
a single outlier in the sample can compromise the statistical performance
of the sample covariance matrix. This has sparked considerable interest in
robust covariance matrix estimators that can withstand adversarial contam-
ination of the data. For examples of such studies, please refer to [19], [1],
[36], and [37].

Beyond the sample covariance, several alternative estimators have been pro-
posed for various applications. The sample covariance Σn is a natural esti-
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mator for the population covariance Σ and it has a number of advantages:
it is simple to construct, it’s unbiased, and, under normality, it’s the maxi-
mum likelihood estimator. However, it has notable limitations. Particularly
in high-dimensional scenarios, where the number of variables d exceeds the
number of observations n, Σn it is not invertible, even if the true underlying
covariance matrix is.

Over time, new methods addressing these challenges have emerged, often
tailored to specific fields like finance. Broadly, these techniques fall into four
categories:

• Shrinkage Method: The shrinkage estimator is a linear combination of
the sample estimator and another estimator (usually it is one implied
by the Capital Asset Pricing Model theory). The challenge here is
determining the optimal shrinkage. For a review of such method, you
can refer to the guide from Ledoit and Wolf [31].

• Factor Models: This approach considers covariance matrices derived
from large dimensional factor models, which can be observable or la-
tent. Principal component and maximum likelihood methods are com-
monly used in latent models. For an introduction, refer to [23].

• Bayesian and Empirical Bayes Estimators: These estimators, related to
the shrinkage estimator, offer alternative interpretations for the shrink-
age method. For one example of such estimators, refer to [52].

• Random Matrix Theory-Based Method: This method attempts to mit-
igate the randomness of the sample covariance S by leveraging high-
dimensional random matrix theory. For instance, look at [33].

In conclusion, the field of covariance is extremely large and in continuous
evolution. There are several areas and open problems that still need to be
explored.
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Appendix

A.1 Basic Inequalities

Theorem A.1 The binomial coefficient (n, k) is the number of ways to choose k
things from a set of n things and equals n!

k!(n–k)! . For positive integers n and k with
1 ≤ k ≤ n, we have:

( n
k

)k ≤
(

n
k

)
≤
( en

k

)k

Theorem A.2 (Arithmetic-Geometric means inequality) For any real numbers
x1, x2, . . . , xn ≥ 0:

x1+x2+···+xn
n ≥ n

√
x1x2 · · · xn,

with equality if and only if x1 = x2 = · · · = xn.

A.2 Basic Probability Theory

Theorem A.3 (Markov’s Inequality [49]) Let X ≥ 0 be a random variable. Then,
for every t > 0:

P(X ≥ t) ≤ EX
t

Corollary A.4 (Chebyshev’s Inequality [49]) Let X ≥ 0 be a random variable.
Then, for every t > 0:

P(X ≥ t) ≤ E[Xp]
tp
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Theorem A.5 (Integral identity/Layer cake representation [49]) Let X be a random
variable. Then:

EX =
∫ ∞

0 P(X > t)dt +
∫ 0
−∞ P(X < t)dt

Theorem A.6 (Jensen Inequality [49]). Let X be a random variable and ϕ : R →
R be a convex function. Then:

ϕ(EX) ≤ Eϕ(X)

Theorem A.7 (Hölder’s inequality [49]) Let p, q > 1 such that they satisfy 1
p +

1
q = 1. Let X and Y be two random variables. Then:

|E[XY]| ≤ [E|X|p|]1/p [E[|Y|q]1/q

Theorem A.8 (Cauchy-Schwarz Inequality [49]) For any two random variables X
and Y, we have

|EXY| ≤
√

E [X2]E [Y2],

where equality holds if and only if X = αY, for some constant α ∈ R.
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